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Abstract. This note is a write-up of the theorem independently shown by Woodin

and Steel that if there exists a measurable Woodin δ then Σ2
1-sentences are forcing

absolute for δ-small forcing notions in which CH holds. If we improve the assump-

tion of a measurable Woodin to the existence of a model with a countable-in-V

measurable Woodin and which is iterable in all forcing extensions, the result holds

for all set-sized forcing notions. The former result is proven using Woodin’s station-

ary tower forcing and the latter using Woodin’s genericity iterations.

1 Introduction

Sentences of type Σ2
1 are sentences of the form DA � R : ψrA, rs for some fixed real

parameter r and ψ only containing quantifiers ranging over the reals. A famous example
of such a sentence is the continuum hypothesis CH, which is known to be highly non-
absolute: we can always force CH to hold and force it to fail. It thus would seem
improbable that we could get any forcing absoluteness for these sentences. But it turns
out that CH in a sense determines the truth values ofΣ2

1-sentences, in the sense that all
such sentences are absolute between generic extensions satisfying CH, assuming large
cardinals.

This is a theorem due to Woodin and Steel independently, which initially was
proven using stationary tower forcing1, and another proof using the notion of genericity
iterations2 was then given later. The latter version requires a slightly stronger hypoth-
esis, but in turn the conclusion will hold for all forcing extensions, where the former
version only holds for δ-small forcing extensions, where δ is a measurable Woodin
cardinal.
1For an introduction to the stationary tower, see Larson (2004).
2Both Steel (2010) and Farah (2007) covers the basics of genericity iterations.
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2 A few forcing facts

Before we start, we mention a few facts about regular embeddings between forcing
notions. These facts will be used in both the stationary tower proof and the genericity
iteration proof.

Definition 2.1. Let P,Q be forcing notions. Then P regularly embeds into Q if there
is an order-preserving embedding i : P Ñ Q such that for every subset A � P, if
�
A � 1P then

�
i”A � 1Q. Furthermore, P is a regular subordering of Q, written

P ¤reg Q, if P regularly embeds into Q via the inclusion map. �

Lemma 2.2. Let P,Q be forcing notions with P ¤reg Q and PpQq countable. Then
for every generic G � P there is a generic H � Q such that G P V rHs and G � H .

Proof. This is straight-forward, by starting with G and recursively defining H by
picking adding element from every maximal antichain not in P, compatible with previ-
ous stages of the construction. �

Lemma 2.3. Let κ be a cardinal, P a κ-cc forcing and j : V Ñ M an elementary
embedding with crit j � κ. Then j”P ¤reg jpPq. In particular, if |P| � κ then
P ¤reg jpPq.

Proof. Note that every maximal antichain of j”P is the point-wise image of a max-
imal antichain of P. Let A � P be such one. Then by the κ-cc, |A|   κ, so that
j”A � jpAq. As jpAq � jpPq is a maximal antichain by elementarity, j”A � jpPq
is as well. The last part of the lemma is by assuming without loss of generality that
P � Vκ, so that every element of P isn’t moved. �

We omit a proof of the following fact – see the appendix of Larson (2004).

Lemma 2.4. Let P andQ be forcing notions such thatQ forces PpPqV to be countable.
Then there is a P-name τ for a forcing such that Q � P � τ . �
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3 The stationary tower proof

The precise statement whose proof will use stationary tower forcing is the following.

Theorem 3.1 (Woodin, Steel). Assume there exists a measurable Woodin cardinal κ
and let ϕpxq be a Σ2

1-formula, r a real and P,Q P Vκ forcing notions such that
,P ϕrrs and ,Q CH. Then ,Q ϕrrs.

Proof. We will firstly show that we can reduce the problem to assuming CH holds
in V and that a κ-small forcing forces ϕrrs. Indeed, since κ is a limit of Woodins, we
can pick some Woodin δ   κ such that P,Q P Vδ . Say G � P is V -generic, so that
V rGs |ù ϕrrs. Note that δ is still Woodin in V rGs as Woodins are preserved by small
forcings. Now let H � QV rGs δ be V rGs-generic and j : V rGs Ñ M � V rGsrHs the
associated embedding, so that M |ù ϕrrs by elementarity. As

V rGsrHs |ù  δM �M,

V rGsrHs and M has the same reals, so that V rGsrHs |ù ϕrrs. As Q P Vδ and
jpω1q � δ, we get that P � QV P

 δ forces PpQqV to be countable. Lemma 2.4 then
implies that there is a Q-name τ for a forcing such that P �QV P

 δ is forcing equivalent to
Q � τ . We can thus just shift focus to V Q, which satisfies CH and which has a δ-small
forcing (namely τ ) which forces ϕrrs.

So, by the above argument we can now assume CH and that some δ-small forcing
P forces ϕrrs, and we want to show that V |ù ϕrrs. The plan is to find an elementary
embedding j : V Ñ M, where M has a V -generic G � P and has enough structure
to enable us to build a forcing extension V rGsrHs of V rGs inside M, containing all
the reals of M and which agrees with V rGs on all Σ2

1 sentences. Since V rGs satisfies
ϕrrs by assumption so will V rGsrHs, and thus also M as V rGsrHs and M have the
same reals. By elementarity of j, V |ù ϕrrs.

Let’s begin with the proof. We’ll construct j : V Ñ M by using the stationary
tower P δ . But to make sure that M has all the above-mentioned properties, we need
to pick a suitable V -generic G � Q δ . To a given ordinal λ, define apλq as the set of
all X   Vλ�1 satisfying
(i) otpX X λq � ω1;
(ii) For every predense D � Q λ with D P X there exists some d P D XX such

that X X pYdq P d;3

(iii) If X̄ is the transitive collapse of X then we can find a club C � ω1 such that
• every δ P C is Woodin in X̄ ;

3We say that X captures every predense D � Q λ in X
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• for every limit point γ P C and club subset E P PpγqX̄ , E contains a tail
of C X γ.

Claim 3.1.1. The set apκq is stationary.

Proof of claim. Let F : rVκ�1s
 ω Ñ Vκ�1 be any function – we need to find

some X P apκq with F P X . Firstly let Y0   xVκ�ω, P, F y be countable. Fix a
measure µ on κ. Now define a sequence xYξ | ξ   ω1y of countable elementary
substructures of xVκ�ω, P, F y, where Y0 is already given, as follows.
• Setting γξ :� mintA � κ | A P Yξ X µu for every ξ   ω1, Yξ�1 end-extends
Y 1
ξ :� tfpγξq | f P κVκ�ω X Yξu below κ and captures every predense
D � Q λ in Yξ�1;
• Yη :�

�
α η Yα for limit η   ω1.

Such end-extensions always exist by (Larson, 2004, Corollary 2.7.12). Now let Y :�
�
ξ ω1

Yξ . We then claim that X :� Y XVκ�1 P apκq, which will finish the proof.
As we’re end-extending below κ, we’ve ensured that otpX Xκq � ω1, satisfying (i).
By definition of Xξ�1 for every ξ   ω1, X satisfies (ii) as well. It thus remains to
show (iii), so let X̄ be the transitive collapse of X . Note that for every limit ordinal
η   ω1, γη is the supremum in X of γξ for ξ   η, so that C :� tγ̄ξ | ξ   ω1u is a
club subset of ω1.

If jµ : V Ñ Mµ is the embedding associated to µ, note that κ is still Woodin
in Mµ, so that in V , µ-a.e. ξ   κ is Woodin. This means that every γξ is Woodin,
so that C satisfies the first property. It remains to show that if η   ω1 is a limit
ordinal and E P Ppγ̄ηq

X̄ is a club subset, then E contains a tail of C X γ̄η .
But a club subsetE � γη inX satisfiesE P X 1

η , so that we can writeE � fpγηq

for a function f : κ Ñ Vκ satisfying fpξq � ξ being a club subset for every ξ   κ,
and f P Yα for some α   η. But

tξ   κ | ξ P fpζq for µ-a.e. ζu

is club4 and in particular has measure one, so that γξ P fpγηq � E for every
ξ P rα, ηq. %

Note that if µ is the measure on κ and letting jµ : V Ñ Mµ, apκq would still be sta-
tionary inside Mµ as V Vκ�1 � V

Mµ

κ�1 , so that by elementarity there is some inaccessible
λ   κ such that, in V , apλq is stationary and P P Vλ. Assume without loss of generality
4See (Larson, 2004, Exercise 1.1.14).
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that λ   δ and let G � P δ be V -generic with apλq P G with associated embedding
j : V ÑM.

Let’s pause for a moment and consider what (i)-(iii) actually means in terms of
M. First of all, since X ÞÑ otpX X λq represents λ in M, (i) says that λ � jpω1q.
Recall that we assumed CH, so that elementarity of j implies that we can enumerate
RM � txξ | ξ   λu. Item (ii) implies that in V rGs, G X Vλ is V -generic for Q λ.5

Lastly, since apλq P G and Yapλq � Vλ�1, we get that j”Vλ�1 P jpapλqq. As the
transitive collapse of j”Vλ�1 is Vλ, (iii) implies that there is a club C P PpλqM such
that

(a) every γ P C is Woodin in Vλ;
(b) for every limit point γ P C and club subset E P PpγqVλ , E contains a tail of

C X γ.

Continuing with the proof, we first need to establish some facts about what we can
do inside M. Let jλ : V Ñ Mλ be the embedding induced by G X Vλ. We get a
factorisation

V

jλ !!

j
//M

Mλ

k

<<

where krf sGXVλ :� rf sG. As jpω1q � λ and jλpω1q � λ, crit k ¡ λ, so that M
agrees with Mλ below λ. In particular M, Mλ, V rGs and V rG X Vλs all have the
same reals. Pick any V -inaccessible ζ P pλ, δq. SinceM is closed under   δ-sequences
in V rGs, Vζ , GX Vλ PM as well.

We still need to find a V -generic filter for P. We know that P is countable inside
V rGX Vλs, so we can at least find a V -generic g P PpPq X V rGX Vλs XM, where
the last two have non-empty intersection as GX Vλ PM.

Note that in V rgs, C still have the above properties (a) and (b). Indeed, for (a) note
that P is ζ-small for some ζ   λ, so that a tail of C continues to contain only Woodin
cardinals – without loss of generality assume C is this tail. For (b), first note that P has
the ρ-cc for some ρ   λ, so that given any regular ξ ¥ ρ, every club subset of ξ in V rgs
contains a club in V , showing that C � ρ satisfies (b). Without loss of generality, we
can thus assume that C satisfies both (a) and (b).

We now want to use C to construct ω1 many V rgs-forcings (inside M), all lying
nested into eachother and each one capturing one of M’s reals.
5See e.g. the argument in the proof of (Larson, 2004, Lemma 2.7.14).

5



Claim 3.1.2. In M, there is a continuous increasing sequence of ordinals xηξ | ξ  
ω1y � C and a sequence xHξ | ξ   λy such that

(I) Hξ � QV rgs ηξ is V rgs-generic;
(II) xξ P Vζ X V rhsrHξ�1s;
(III) if ξ   ξ1 then Hξ � Hξ1 X pVηξ X V rgsq.

Proof of claim. By (Larson, 2004, Lemma 2.7.14) we get that there is a condition
aηξγ P Q γ for every γ ¡ ηα compatible with every condition inQ ηξ such that let-
ting Q γpaηxiγq :� tp P Q γ | p ¤ aηxiγu, the quotient pQ γpaηξγq{Q ηxiq

V rgs

is a QV rgs ηxi
-name for a forcing such that in V rgs, Q ηxi � pQ γpaηxiγq{Q ηξq is

forcing equivalent to Q γpaηξγq.
Now, towards showing (II), assume that xξ R V rgsrHξs, so that xξ is generic

over V rgsrHξs by some λ-small forcing. By Lemma 2.4, such a forcing is subsumed
by pQ γpaηxiγq{Q ηξq

V rgs
Hξ

for some γ ¡ ηξ inC . Letting ηξ�1 :� γ andHxi�1 �

QV rhs ηξ�1
be V rhs-generic extendingHξ then makes sure that (II) is satisfied. At these

successor stages, (I) is clearly satisfied as well.
For limit stages α we just let ηα :� supβ α ηβ and Hα :�

�
β αHβ . At these

limit stages (I) is still satisfied. Indeed, as any predense set in QV rgs ηα is predense in
QV rgs β for a club set of β   ηα, and that each such club intersects tηβ | β   αu,
Hα is V rgs-generic. Lastly note that (III) is satisfied by construction. %

Now let C� :� tηξ | ξ   ω1u, which is a club subset of λ, so that H :�
�
ξ ω1

Hξ �

Q λ PM is V rgs-generic by (I) and (III). By (II), V rgsrHs and M have the same reals.
Now letting j� : V rgsXVζ ÑM� be the embedding induced byH ,M� and V rgsrHs
have the same reals, so M� and M� also have the same reals. But by elementarity
of j�, M� |ù ϕrrs, so that M |ù ϕrrs, finally concluding by elementarity of j that
V |ù ϕrrs. �

6



4 The genericity iteration proof

xM, ~Eywill throughout this section be a transitive model of a suitable fragment of ZFC,
where ~E is a sequence of extenders in M.

Theorem 4.1 (Woodin). Assume xM, ~Ey is pω, ω1 � 1q-iterable and ~E witnesses that
a countable δ is Woodin in M. Let κ   mintcritE | E P ~Eu and let P P VM

κ be
a forcing notion. If g � P is M-generic then for every x � ω there is a countable
iteration j : Mrgs Ñ M�rgs and an M�rgs-generic h � jpWM

δ,ωp
~Eqq such that

x PM�rgsrhs.

Proof. See (Farah, 2007, Theorem 4.2). �

Theorem 4.2 (Woodin). Assume xM, ~Ey is pω, ω1 � 1q-iterable and ~E witnesses that
a countable δ is measurable Woodin in M. Then for every x � ω1 there is an ω1-
iteration j : MÑM� and an M�-generic g � jpWM

δ,δp
~Eqq such that x PM�rgs.

Proof. See (Farah, 2007, Theorem 4.7). �

The statement is then the following.

Theorem 4.3 (Woodin, Steel). Assume xM, ~Ey is pω, ω1 � 1q-iterable in every forcing
extension and ~E witnesses that a countable δ is measurable Woodin in M. Let r be
a real, ϕpxq a Σ2

1-formula and P,Q forcing notions such that ,P ϕrřs and ,Q CH.
Then ,Q ϕrřs.

This will be a direct corollary to the following theorem.

Theorem 4.4 (Woodin, Steel). Assume xM, ~Ey is pω, ω1 � 1q-iterable in both V and
V Colpℵ1,2

ℵ0 q, and ~E witnesses that a countable δ is measurable Woodin inM. Then
to every Σ2

1-formula ϕpxq we can uniformly assign a formula ϕ�pxq such that for
any r P R,
(i) If ϕrrs holds then M |ù ϕ�rrs;
(ii) If M |ù ϕ�rrs and CH holds then ϕrrs holds.

Proof. Letting δ be the measurable Woodin in M and writing W :�Wδ,δp ~Eq, define

ϕ�pxq :� Dp PW : p , “ϕpxq ^ |δ̌| � ℵ1”.
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We start by showing piq, so assume thatϕrrs holds. Writingϕpxq as DX � R : ψpX,xq,
fix an A � R such that ψrA, rs. Now work in V Colpℵ1,2

ℵ0 q, which has all the reals
as this forcing is ℵ1-closed, and also satisfies CH. Fix some x � ω1 encoding A and
all the reals. By iterability of M, Theorem 4.2 gives us an iteration j : M Ñ M� of
length ω1 such that x PM�rgs for some M�-generic g � jpWMq.

As the iteration has length ω1 we get that jpδq � ℵV1 . As x furthermore encodes
RV and x P M�rgs, every α   ℵV1 is collapsed to ℵ0 in M�rgs, so that the jpδq-cc
implies that jpδq � ℵM�rgs

1 . It also holds that RV � RM�rgs as M�rgs � V , so since
A, r P M�rgs, M�rgs |ù ψrA, rs. We conclude that M |ù ϕ�rrs, finishing the proof
of piq.

RV � M�rgs

M�

M

j

~T

Figure 1: The proof of piiq.

For piiq, assume CH and M |ù ϕ�rrs. Fix some
name 9A P MWM

for a set of reals and a condition
p P WM such that M |ù “p , ψr 9A, řs ^ |δ̌| � ℵ1”.
Use CH to enumerate R � xrξ | ξ   ω1y. The plan
is now to construct an ω1-stack of countable iteration
trees ~T on M with last model M� and iteration map
j : M Ñ M� such that there is some M�-generic
g � jpWMq satisfying p � jppq P g and RV �

RM�rgs. Then we get that M�rgs |ù ψrA, rs, so
since M�rgs contains all the reals and M�rgs � V ,
ϕrrs holds in V as well.

We now commence with the construction of ~T . Define MT 0
0 :� M. As WM is

countable in V we can find someM-generic g0 �WM such that p P g0. Measurability
of δ in M gives us an elementary embedding iT 0

01 : MÑMT 0
1 with crit iT 0

01 � δ.
Let now δ0 P MT 0

1 be the least Woodin above δ from the point of view of MT 0
1 ,

witnessed by some ~E1 � iT 0
01 p

~Eq where every extender on ~E1 has critical point strictly
above δ. Then by Theorem 4.1 we get a countable genericity iteration on MT 0

1 rg0s

using WMT 0
1

δ0,ω
p ~E1q; say MT 0

α0
rg0s is the last model of the iteration. Then there is an

MT 0
α0
rg0s-generic h0 � iT 0

1α0
pWMT 0

1

δ0ω
p ~E1qq such that r0 P MT 0

α0
rg0srh0s. Note that

using the same iteration strategy we get a countable iteration onMT 0
1 as well, since the

critical points on the extenders are ¡ δ.
Now g0 � h0 is generic over MT 0

α0
for a forcing P of size iT 0

1α0
pδ0q.6 Since p forces

that iT 0
0α pδq � ℵ1 it also forces that PpiT 0

1α0
pδ0qq

MT 0
α0 is countable, so by Lemma 2.4

there is some P-name τ for a forcing such that iT 0
0α0

pWMq æ p � P � τ . But then we

6Namely, P � WM �iT 0
1α0

pWMT 0
1

δ0ω
p ~E1qq.
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can use Lemma 2.2 to find a generic g1 � P � τ such that g0 � h0 � g1.7 All in all we
now have some g1 � g0 such that r0 P MT 0

α0
rg1s. This finishes round 0 of our game.

Now set MT 1
0 :�MT 0

α0
and continue round 2 in the same fashion.

r0 P Mrg1s

MT 0
α0

M

T 0

Figure 2: Round 0 of the game.

We continue in this fashion at every successor
stage. At limit stages we take the direct limit along
the unique branch through the stack created so far. As
every maximal antichain in a direct limit is a maxi-
mal antichain at some previous stage, the union of the
gξ ’s is still generic. Let M� be the ω1’th model of this
pω, ω1 � 1q-iteration, which is wellfounded by our it-
erability assumption on M. This means we get some
iteration map j : M Ñ M� and an M�-generic
g � jpWMq (after translating via the forcing equiva-

lence mentioned above) such that RV �M�rgs and M�rgs |ù ϕrrs. As M�rgs � V

it holds that RV � RM�rgs, concluding that ϕrrs holds in V as well. �
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