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ABSTRACT. This note is a write-up of the theorem independently shown by Woodin
and Steel that if there exists a measurable Woodin § then X2-sentences are forcing
absolute for §-small forcing notions in which CH holds. If we improve the assump-
tion of a measurable Woodin to the existence of a model with a countable-in-V'
measurable Woodin and which is iterable in all forcing extensions, the result holds
for all set-sized forcing notions. The former result is proven using Woodin’s station-

ary tower forcing and the latter using Woodin’s genericity iterations.

1 Introduction

Sentences of type X7 are sentences of the form 3A € R: ¥[A, 7] for some fixed real
parameter r and 1 only containing quantifiers ranging over the reals. A famous example
of such a sentence is the continuum hypothesis CH, which is known to be highly non-
absolute: we can always force CH to hold and force it to fail. It thus would seem
improbable that we could get any forcing absoluteness for these sentences. But it turns
out that CH in a sense determines the truth values of E%-sentences, in the sense that all
such sentences are absolute between generic extensions satisfying CH, assuming large
cardinals.

This is a theorem due to Woodin and Steel independently, which initially was
proven using stationary tower forcin and another proof using the notion of genericity
iterationﬁ was then given later. The latter version requires a slightly stronger hypoth-
esis, but in turn the conclusion will hold for all forcing extensions, where the former
version only holds for §-small forcing extensions, where § is a measurable Woodin

cardinal.

1For an introduction to the stationary tower, see Larson|(2004).
2Both [Steel| (2010) and [Farah(2007) covers the basics of genericity iterations.



2 A few forcing facts

Before we start, we mention a few facts about regular embeddings between forcing
notions. These facts will be used in both the stationary tower proof and the genericity

iteration proof.

DErmviTION 2.1. Let P, Q be forcing notions. Then P regularly embeds into Q if there
is an order-preserving embedding ¢: P — @ such that for every subset A < P, if
V A = 1p then \/i” A = 1g. Furthermore, IP is a regular subordering of Q, written

P <req Q, if P regularly embeds into Q via the inclusion map. o

Lemma 2.2. Let P, Q be forcing notions with P <,.; Q and &?(Q) countable. Then
for every generic G C P there is a generic H € Q such that G € V[H] and G € H.

Proor.  This is straight-forward, by starting with G' and recursively defining H by
picking adding element from every maximal antichain not in P, compatible with previ-

ous stages of the construction. |

LemmA 2.3. Let k be a cardinal, P a k-cc forcing and j: V. — M an elementary
embedding with critj = k. Then j"P <.y j(P). In particular, if |P| = & then
P <eq j(P).

Proor. Note that every maximal antichain of j”PP is the point-wise image of a max-
imal antichain of P. Let A € P be such one. Then by the k-cc, |A| < k, so that
j"A = j(A). As j(A) € j(P) is a maximal antichain by elementarity, ;”.A S j(P)
is as well. The last part of the lemma is by assuming without loss of generality that

P <€ V,, so that every element of P isn’'t moved. [ |
We omit a proof of the following fact — see the appendix of |Larson/(2004).

LemMa 2.4. Let P and Q be forcing notions such that Q forces 2(P)V to be countable.
Then there is a P-name T for a forcing such that Q = P « 7. |



3 The stationary tower proof

The precise statement whose proof will use stationary tower forcing is the following.

THeEOREM 3.1 (Woodin, Steel). Assume there exists a measurable Woodin cardinal k
and let p(z) be a ¥3-formula, r a real and P,Q € V,, forcing notions such that
IFp ¢[r] and =g CH. Then I-q ¢[r].

Proor. We will firstly show that we can reduce the problem to assuming CH holds
in V and that a x-small forcing forces ¢[r]. Indeed, since « is a limit of Woodins, we
can pick some Woodin § < « such that P,Q € V;. Say G € P is V-generic, so that
V[G] k= ¢[r]. Note that § is still Woodin in V[G] as Woodins are preserved by small
forcings. Now let H < @ZEG] be V[G]-generic and j: V[G] - M < V[G][H] the
associated embedding, so that M |= ¢[r] by elementarity. As

VIGIH] =" M e M,

V[G][H] and M has the same reals, so that V[G][H] = ¢[r]. As Q € Vs and
j(w1) = 0, we get that P = QZE forces 22(Q)Y to be countable. Lemma [2.4] then
implies that there is a Q-name 7 for a forcing such that P = Zg is forcing equivalent to
Q = 7. We can thus just shift focus to VQ which satisfies CH and which has a §-small
forcing (namely 7) which forces ¢[r].

So, by the above argument we can now assume CH and that some d-small forcing
IP forces ¢[r], and we want to show that V' |= ¢[r]. The plan is to find an elementary
embedding j: V — M, where M has a V-generic G € P and has enough structure
to enable us to build a forcing extension V[G][H] of V[G] inside M, containing all
the reals of M and which agrees with V[G] on all $2 sentences. Since V[G] satisfies
@[r] by assumption so will V[G][H], and thus also M as V[G][H] and M have the
same reals. By elementarity of j, V' |= ¢[r].

Let’s begin with the proof. We'll construct j: V' — M by using the stationary
tower P_s. But to make sure that M has all the above-mentioned properties, we need
to pick a suitable V-generic G € Q5. To a given ordinal A, define a(\) as the set of
all X < V), satisfying

(i) ot(X nA) =wr;
(ii) For every predense D € Q. with D € X there exists some d € D n X such
that X  (ud) € dff]
(iii) If X is the transitive collapse of X then we can find a club C' € w; such that

e every § € C is Woodin in X;

3We say that X captures every predense D € Q. in X



o for every limit point v € C and club subset E € 2(v)X, E contains a tail
of C' n .

Claim 3.1.1. The set a(k) is stationary.

Proor oF cLam.  Let F': [V, 1] — V11 be any function — we need to find
some X € a(k) with F' € X. Firstly let Yy < (Vi4w, €, F'y be countable. Fix a
measure ¢ on k. Now define a sequence (Y | & < wy) of countable elementary
substructures of (V,. 44, €, F'), where Y} is already given, as follows.
e Setting v¢ := min{A € k| A € Y¢ n p} for every & < wy, Ye 41 end-extends
Y¢ == {f(ve) | f € "Viyw 0 Ye} below k and captures every predense
D C Qcyin Yeqq;
oV, = Ua<n Y,, for limit n < w;.

Such end-extensions always exist by (Larson} 2004} Corollary 2.7.12). Now let Y :=
Ue<w, Ye- We then claim that X :=Y n V.41 € a(x), which will finish the proof.
As we're end-extending below «, we've ensured that ot(X n k) = w1, satisfying (i).
By definition of X¢ 4 for every £ < wi, X satisfies (i) as well. It thus remains to
show (iii), so let X be the transitive collapse of X. Note that for every limit ordinal
1 < w1, Yy is the supremum in X of v¢ for { < n, sothat C':= {J¢ | { <wi}isa
club subset of wj.

If j.: V. — M, is the embedding associated to (i, note that  is still Woodin
in M, so thatin V, p-a.e. £ < x is Woodin. This means that every ¢ is Woodin,
so that C' satisfies the first property. It remains to show that if < w; is a limit
ordinal and F € (@(’_yn)x is a club subset, then E contains a tail of C' n 4.

Buta club subset £ < -, in X satisfies £/ € X, so that we can write 2 = f(v)
for a function f: k — Vj satisfying f(£) € & being a club subset for every £ < &,
and f € Y, for some a < 7. But

{€ < r| &€ f(Q) for pae. ()

is clu and in particular has measure one, so that v¢ € f(y,) = E for every
§€fan) —|

Note that if 4 is the measure on  and letting j,: V' — M, a(x) would still be sta-
tionary inside M, as V.Y, | = V,j\f 1, so that by elementarity there is some inaccessible

A < & such that, in V, a()) is stationary and P € V. Assume without loss of generality

4See (Larson| 2004, Exercise 1.1.14).



that A < ¢ and let G € P be V-generic with a(\) € G with associated embedding
i V- M.

Let's pause for a moment and consider what (i)-(iii) actually means in terms of
M. First of all, since X +— ot(X n \) represents A in M, (i) says that A = j(wy).
Recall that we assumed CH, so that elementarity of j implies that we can enumerate
RM = {z, | £ < A}. Item (ii) implies that in V[G], G n V) is V-generic for (@<)\
Lastly, since a(A\) € G and ua(\) = Vi1, we get that 77 Vi1 € j(a(N)). As the
transitive collapse of j7 Vi1 is V4, (iii) implies that there is a club C' € Z(A\)™ such
that

(a) every v € C is Woodin in Vy;
(b) for every limit point v € C and club subset E € Z(7)"», E contains a tail of
Cnr.

Continuing with the proof, we first need to establish some facts about what we can
do inside M. Let jx: V — M, be the embedding induced by G n V. We get a

factorisation

j
My

where k[fla~v, = [fla- As j(w1) = A and ja(wy) = A, critk > A so that M
agrees with M below A. In particular M, M, V[G] and V[G n V)] all have the
same reals. Pick any V-inaccessible ¢ € (A, ). Since M is closed under < d-sequences
in V]G], V¢, G n Vy € M as well.

We still need to find a V-generic filter for P. We know that P is countable inside
V[G n V], so we can at least find a V-generic g € Z(P) n V[G n V)] n M, where
the last two have non-empty intersection as G n V) € M.

Note that in V[g], C still have the above properties (a) and (b). Indeed, for (a) note

%4 M

that P is ¢-small for some ¢ < A, so that a tail of C' continues to contain only Woodin
cardinals — without loss of generality assume C is this tail. For (b), first note that P has
the p-cc for some p < A, so that given any regular £ > p, every club subset of £ in V'[g]
contains a club in V, showing that C' — p satisfies (b). Without loss of generality, we
can thus assume that C' satisfies both (a) and (b).

We now want to use C' to construct w; many V[g]-forcings (inside M), all lying

nested into eachother and each one capturing one of M'’s reals.

5See e.g. the argument in the proof of (Larson) 2004, Lemma 2.7.14).



Claim 3.1.2. In M, there is a continuous increasing sequence of ordinals {(n¢ | { <
wi) € C and a sequence (H¢ | £ < A) such that
() He Qg,i] is V[g]-generic;
(1) we € Ve n VIR][Hean:
(I) if & < &' then He = Her 0 (V. 0 V[g]).
Proor oF cLamm. By (Larson, 2004, Lemma 2.7.14) we get that there is a condition
e € Q< for everyy > 1, compatible with every condition in Q <, such that let-
ting Qv (an,iv) := {p € Qey | p < ay, iy}, the quotient (Q<~/(anm)/Q<m~i)V[g]
is a ngli]i—name for a forcing such that in V[g], Q< * (Q<y(ay,ir)/Q<n) is
forcing equivalent to Q. (@~ ).
Now, towards showing (II), assume that z¢ ¢ V[g][H¢], so that ¢ is generic
over V[g][H¢] by some A-small forcing. By Lemma|[2.4] such a forcing is subsumed
by (@q(anm)/(@%)}/,[g] for some v > 7¢ in C. Letting ¢ 41 := yand Hyi41 S

¢
QY pe V'[h]-generic extending Hy then makes sure that (II) is satisfied. At these

<Me+1
successor stages, (I) is clearly satisfied as well.
For limit stages ov we just let 7o 1= supg, np and Hy 1= (Jg_, Hp. At these
limit stages (1) is still satisfied. Indeed, as any predense set in QZ% is predense in
@Zég] for a club set of 8 < 1,, and that each such club intersects {ns | 8 < a},

H, is V[g]-generic. Lastly note that (III) is satisfied by construction. —

Now let C* := {n¢ | £ < w}, which is a club subset of A, so that H := U§<w1 He C
Q< € M is V[g]-generic by (I) and (III). By (I), V[g][H] and M have the same reals.
Now letting j*: V[g] nV; — M* be the embedding induced by H, M™ and V[g][H]
have the same reals, so M* and M™ also have the same reals. But by elementarity

of j*, M* & ¢[r], so that M = ¢[r], finally concluding by elementarity of j that
V Eolr] =



4 The genericity iteration proof

(M, E) will throughout this section be a transitive model of a suitable fragment of ZFC,

where F is a sequence of extenders in M.

THEOREM 4.1 (Woodin). Assume (M, EY is (w,w; + 1)-iterable and E witnesses that
a countable § is Woodin in M. Let k < min{crit E | E € E} and let P € VM be
a forcing notion. If g € P is M-generic then for every x S w there is a countable
iteration j: M[g] — M*[g] and an M*[g]-generic h < j(W%(E)) such that
v e M*[g][A].

Proor. See (Farah| 2007, Theorem 4.2). [ |

THEOREM 4.2 (Woodin). Assume (M, EY is (w,w; + 1)-iterable and E witnesses that
a countable § is measurable Woodin in M. Then for every x C wy there is an wi-
iteration j: M — M™ and an M™-generic g < ](W%(E)) such that x € M*[g].

Proor. See (Farah| 2007, Theorem 4.7). [ |
The statement is then the following.

THEOREM 4.3 (Woodin, Steel). Assume (M, EY is (w,w; + 1)-iterable in every forcing
extension and E witnesses that a countable § is measurable Woodin in M. Let 1 be
a real, p(z) a ¥3-formula and P, Q forcing notions such that I+p [7] and g CH.
Then I-q ¢[7].

This will be a direct corollary to the following theorem.

THEOREM 4.4 (Woodin, Steel). Assume (M, EY is (w,w; + 1)-iterable in both V and
VCOI(N172NO), and E witnesses that a countable § is measurable Woodin in M. Then
to every L3-formula p(x) we can uniformly assign a formula ¢*(z) such that for
anyreR,

(i) If p[r] holds then M |= ¢*[r];

(ii) If M = ¢*[r] and CH holds then ¢[r] holds.

ProoF. Letting ¢ be the measurable Woodin in M and writing W := Wg,g(ﬁ), define

*(x):=TpeW:p I “p(z) A 6] = Ry,



We start by showing (4), so assume that ¢[r] holds. Writing p(z) as 3X € R: ¥(X, z),
fix an A € R such that )[4, r]. Now work in Y Col(®1:2™) “phich has all the reals
as this forcing is Np-closed, and also satisfies CH. Fix some z € w; encoding A and
all the reals. By iterability of M, Theorem 4.2| gives us an iteration j: M — M* of
length w; such that 2 € M*[g] for some M*-generic g € j(W™M).

As the iteration has length w; we get that j(§) = R}. As z furthermore encodes
RY and z € M*[g], every a < RY is collapsed to Xg in M*[g], so that the j(§)-cc
implies that j(§) = N{M*[g]. It also holds that RV = RM*[9] as M*[g] < V, so since
A r e M*[g], M*[g] = ¢[A,r]. We conclude that M = ¢*[r], finishing the proof
of (i).

For (ii), assume CH and M = ¢*[r]. Fix some

name A € MW" for a set of reals and a condition RY < M*[g]
pe WM such that M = “p IF ¢¥[A, 7] A 6] = R, ‘
Use CH to enumerate R = {r¢ | £ < wq). The plan M*

is now to construct an wy-stack of countable iteration T j
trees 7 on M with last model M* and iteration map Vf
j: M — M?* such that there is some M *-generic M
g S jWM) satisfying p = j(p) € g and RV =
RM*[91 Then we get that M*[g] = ¢[A, 7], so
since M*[g] contains all the reals and M*[g] € V,

Figure 1: The proof of (ii).

@[r] holds in V' as well.

We now commence with the construction of 7. Define MJ° := M. As WM is
countable in V we can find some M-generic go € W™ such that p € go. Measurability
of § in M gives us an elementary embedding ig;o : M — MT° with crit iOTlo = 4.

Let now dy € M]° be the least Woodin above & from the point of view of M7,
witnessed by some E,c ig—l‘) (E) where every extender on E; has critical point strictly
above §. Then by Theorem we get a countable genericity iteration on MTO [90]
using Wg\:’go (E}); say MZ;;’ [g0] is the last model of the iteration. Then there is an

To -
MZ;S’ [go]-generic hy = iz;?o (W?:; (E)) such that 7o € M/ °[go][ho]. Note that
using the same iteration strategy we get a countable iteration on MTO as well, since the

critical points on the extenders are > 4.

1&0

that 72 (8) = X it also forces that f@(zg’o (50))MZS is countable, so by Lemma

there is some P-name 7 for a forcing such that ig:;’U(WM) I'p = P = 7. But then we

Now g * hg is generic over Mzg for a forcing P of size i) ° (50)E| Since p forces

T MO =
®Namely, P = WM #11 0p (W(;O:) (E1)).



can use Lemma to find a generic g1 € P # 7 such that gg * hg S 91 All in all we

now have some g1 2 g such that ry € MZ—(;) [g1]- This finishes round 0 of our game.
Now set MJ ' := MZ;;) and continue round 2 in the same fashion.

We continue in this fashion at every successor

ro € M][gi] stage. At limit stages we take the direct limit along

‘ the unique branch through the stack created so far. As

MZ;? every maximal antichain in a direct limit is a maxi-

mal antichain at some previous stage, the union of the

QTO ge's is still generic. Let M™ be the wy’th model of this

M (w,w; + 1)-iteration, which is wellfounded by our it-

erability assumption on M. This means we get some

Figure 2: Round 0 of the game.  jieration map j: M — M™ and an M™-generic

g € j(W™M) (after translating via the forcing equiva-

lence mentioned above) such that R € M*[g] and M*[g] = ¢[r]. As M*[g] €V

it holds that RY = RM*[4] concluding that ¢[r] holds in V as well. [ |
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“Note that g1 is not a generic of ig;?o (WM), but as P#7 is forcing equivalent to that poset below

p, we can always find a generic G1 < ig;?o (WM) such that p € G1 and ./\/lz:(? [g1] = MZ(? [G1].
But we'll work with the g¢’s until the end of the proof for bookkeeping purposes.
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