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Abstract
In this project we introduce the notions of perfect information games in a set-
theoretic context, from where we’ll analyse both the consequences of the deter-
minacy of games as well as showing large classes of games are determined.

More precisely, we’ll show that determinacy of games over the reals implies that
every subset of the reals is Lebesgue measurable and has both the Baire and perfect
set property (thereby contradicting the axiom of choice). Next, Martin’s result on
Borel determinacy will be presented, as well as his proof of analytic determinacy
from the existence of a Ramsey cardinal.

Lastly, we’ll present a certain kind of stochastic games (that is, games involving
chance) called Blackwell games, and present Martin’s proof that determinacy of
perfect information games imply the determinacy of Blackwell games.
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Introduction

Game theory is commonly subdivided into the study of finite games and infinite
games, where economists and computer scientists are primarily interested in the
finite case with a focus on analysing the specific strategies of the games, and set
theorists being interested in the infinite case where the mere existence of winning
strategies are of primary interest. We will only work with the infinite case in this
project and thus suitably “game theory” will only refer to infinite.

Game theory started with Zermelo’s paper [Zer13] on chess in 1913, in which
some writers claim that he implicitly proved that chess is determined, in the sense
that either one of the players has a winning strategy or else both players can force
a draw. This was then generalised to the following.

Theorem 0.0.1 (Zermelo). Every finite two-person game of perfect information is
determined, in the sense that if the game doesn’t end in a draw, one of the players
has a winning strategy.

Since a winning strategy for the starting player in a finite game can be described
as @x2n`1Dx2n ¨ ¨ ¨ @x1Dx0ϕ for some formulaϕ and analogously a winning strategy
for the other player can be described as Dx2n`1@x2n ¨ ¨ ¨ Dx1@x0ϕ, the determinacy
of the game can then just be seen as de Morgan’s law

 @xnDxn´1 ¨ ¨ ¨ @x1Dx0ϕ ” Dxn@xn´1 ¨ ¨ ¨ Dx1@x0ϕ.

Hence the determinacy of infinite games can be seen as an infinite version of
de Morgan’s law. Using the axiom of choice we can construct a non-determined
infinite game, so this infinite de Morgan’s law is not true in all generality.

To be able to examine these infinite games more thoroughly we will view games
as trees, where the starting position in the game is the terminal node and the players
alternate in choosing branches. Coding the set of legal moves as natural numbers,
we can view the game tree as a tree on the natural numbers ω. Putting the discrete
topology on ω and the product topology on the Baire space N :“ ωω we can
analyse the set of winning moves, which is then a subset of rT s Ď N .
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Using this kind of machinery, Gale and Stewart proved that both open and
closed games are determined. Martin then generalised this in a substantial way:
that every Borel game is determined. Harvey Friedman has shown that it’s the
best possible result in ZFC, in that analytic determinacy requires the existence
of an inaccessible cardinal, which cannot be proven in ZFC by Gödel’s second
incompleteness Theorem.

But why are we interested in determinacy of infinite games? This is primarily
due to the direct impact it has on the subsets of the real numbers. If we assumed
that every game over the reals was determined then every subset of the reals are
Lebesgue measurable, has the Baire property as well as the perfect set property. This
assumption contradicts the axiom of choice though, so we’re interested in studying
strong determinacy axioms consistent with choice, such as analytic determinacy.

In this project we’ll prove that determinacy entails the above mentioned regu-
larity properties of the reals, prove Martin’s subliminal result on the determinacy of
Borel games and show that analytic determinacy can be proven if we assume the
existence of a so-called Ramsey cardinal.

We’ll furthermore study games with imperfect information, called Blackwell
games, in which both players play their moves simultaneously. One can intuitively
see these games as generalisations of rock-paper-scissors to infinite moves. This
requires us to modify our notion of a strategy since we suddenly have to deal with
chance, and we’ll draw on the theory of probability measures in this regard.

As for prerequisites we assume basic knowledge of descriptive set theory, which
includes some topology and measure theory. The appendix contains a list of defi-
nitions and results used in the project, for reference.

Most notation we’re using is standard. However, some things might need clari-
fication: we use round parentheses to denote tuples px0, . . . , xnq and angled brack-
ets to denote sequences xx0, . . . , xny. Furthermore we’ll abuse notation and write
s Ď t for sequences s, t to mean that there exists some n ă ω such that t æn “ s.
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1 | Basic game theory

1.1 Infinite games

Let X be any set and A Ď ωX . To such a pair we can associate a game GXpAq
between two players I and II, where they alternate playing elements xi P X for
i ă ω:

I x0 x2 x4 ¨ ¨ ¨

II x1 x3 x5 ¨ ¨ ¨

This then results in an element pxiq P ωX called a play and initial segments of
a play are called partial plays. For x a play, we write xI P ωX for the sequence of
player I’s moves in x, and likewise xII P ωX for the sequence of player II’s moves
in x. We say that player I wins if pxiq P A and player II wins otherwise - A is
called the payoff set.

A strategy for player I in GXpAq is a function σ :
Ť

năω
2nX Ñ X and a

strategy for player II is a function τ :
Ť

năω
2n`1X Ñ X . We think of a strategy

(for e.g. player I) as a way to provide moves for player I given how player II has
played so far. Thus If σ is a strategy for player I, the game is played as follows

I σpxyq σpxσpxyq, y0yq ¨ ¨ ¨

II y0 y1 ¨ ¨ ¨

We denote such a play by σ ˚ y P ωX . A winning strategy for player I is a
strategy σ for player I such that tσ ˚ y | y P ωXu Ď A, i.e. that no matter what
player II does, player I will win if he follows the strategy. A winning strategy for
player II is defined analogously.

A game is determined if one of the players has a winning strategy. We call
games of the type GXpAq perfect information games. We say that two games
G,G1 are equivalent if player I has a winning strategy in G iff he has one in G1,
and player II has a winning strategy in G iff he has one in G1.
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Putting the discrete topology on X and the product topology on ωX , we call a
game GXpAq open, closed, Borel, analytic etc. if the payoff set A Ď ωX is open,
closed, Borel, analytic etc.

We also have a notion of games with rules. Letting T Ď ωX be a pruned tree,
we restrict the moves allowed by the players to those x P X such that the partial
play is an element of T . For instance, if a partial play looks like xx0, . . . , xny, then
x P X is a legal move if xx0, . . . , xn, xy P T . Now GXpT,Aq is then the game
GXpAq with legal moves T . If we don’t care about the payoff set, then we can leave
it out and just write GXpT q.

Strategies σ, τ are defined as before with the extra requirement that σpsq, τptq
are legal for all s, t. We say y P ωX is σ-legal if σ ˚ y P rT s and σ is winning if
tσ ˚ y | xy is σ-legalyu Ď A, and analogously for τ .

It turns out the we’re not obtaining a larger class of games by introducing games
with rules, because the game GXpT,Aq can be seen to be equivalent to the game
GXpBq, where B is defined as the set

prT s XAq Y tx P ωX | Dnpx æn R T q ^ xmintn ă ω | x æn R T u is evenyu.

1.2 Regularity properties and games

One of the reasons why one might be interested in whether or not games are deter-
mined can be seen by how determinacy of certain games entails regularity properties
of sets of reals. In this section we’ll introduce three games, which are closely re-
lated to whether or not a set has the Baire property, the perfect set property or is
Lebesgue measurable.

We start off with examining the Baire property.

Definition 1.2.1. Let A Ď N . Define the Banach-Mazur game G˚˚ω pAq as

I s0 s2 s4 ¨ ¨ ¨

II s1 s3 s5 ¨ ¨ ¨

where si P ăωω´txyu. Here player I wins iff s0 ˆ s1 ˆ s2 ˆ . . . P A. ˝
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Lemma 1.2.2 (Banach, Mazur). Let A Ď N . Then in the game G˚˚ω pAq:

(i) Player II has a winning strategy iff A is meager.
(ii) Player I has a winning strategy iff there is some s P ăωω such that Ns ´A

is meager;

Proof. piq : Assume player II has a winning strategy τ . For each partial play con-
sistent with τ of the form p “ xs0, s1, . . . , s2n´1y, set p˚ :“ s0 ˆ s1 ˆ ¨ ¨ ¨ ˆ s2n´1

and

Dp :“ tx P N | p˚ Ď xÑ pDt P ăωω´txyuqpp˚ ˆ t ˆ τpp ˆxtyq Ď xqu.

Claim 1.2.2.1. Dp is open and dense.

Proof of claim. We have that

Dp “  Np˚ Y
ď

tPăωω´txyu

Np˚ ˆ t ˆ τpp ˆxtyq,

so as the basic open sets are clopen, Dp is open. As for denseness, let u P ăωω.
If p˚ and u are incomparable then Nu Ď Dp vacously. If u Ď p˚ then pick k
such that u ˆxky Ę p˚ and thus Nu ˆxky Ď Dp vacously. If p˚ Ď u then there
is some t P ăωω´txyu such that p˚ ˆ t “ u. Now pick any x P N such that
p˚ ˆ t ˆ τpp ˆxtyq Ď x whence x P Nu XDp, making Dp dense. ♦

Hence
Ť

p Dp is meager. We’ll show A Ď
Ť

p Dp. If x P
Ş

pDp then we can
recursively define a play psiq compatible with τ such that x “ s0 ˆ s1 ˆ ¨ ¨ ¨ , making
x R A as τ is winning. Thus A Ď

Ť

p Dp, concluding A is meager.

Now assume conversely that A is meager, so A Ď
Ť

năω Cn with Cn Ď N
being closed and nowhere dense. Then we can define a strategy τ for player II as
follows. Set τpxs0yq to be some t such that Ns0 ˆ t XC0 “ H, which is possible as
C0 is nowhere dense. Then recursively set τpxs0, . . . , s2nyq to be some t such that
Ns0 ˆ¨¨¨ ˆ s2n ˆ tXCn “ H. It’s easily seen that such a strategy is winning for player II.
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piiq : Assume first that player I has a winning strategy σ and set s :“ σpxyq. Then
it’s easily seen that player II has a winning strategy in the game G˚˚ω pNs ´ Aq,
derived from σ. Hence by piq, Ns ´A is meager.

Assume now that there is some s P ăωω such that Ns´A is meager. If s “ xy
then A is comeager and hence A is dense by A.3.4, so player I clearly has a winning
strategy. Assume thus s ‰ xy. Then the strategy σ given by σpxyq “ s and then
avoiding Ns ´A as we did in piq, is winning. �

Proposition 1.2.3. Let A Ď N and define

OA :“
ď

tNs | s P
ăωω^Ns ´A is meageru.

If G˚˚ω pA´OAq is determined then A has the Baire property.

Proof. Assume player I has a winning strategy. Then by Lemma 1.2.2 there is
some s P ăωω such that Ns ´ pA´OAq is meager. Hence Ns ´A is also meager,
so that Ns Ď OA. But then Ns ´ pA´OAq “ Ns, which cannot be meager,  .

Hence player II must have a winning strategy, making A ´ OA meager by
Lemma 1.2.2. As we also have that OA´A is meager by definition of OA and that
a union of meager sets is meager, A “˚ OA. �

As for the perfect set property, we turn to a game constructed by Davis.

Definition 1.2.4. Let A Ď C. Then define the Davis game G˚2pAq as

I s0 s1 s2 ¨ ¨ ¨

II x0 x1 x2 ¨ ¨ ¨

where si P ăω2 and xi P 2. Then player I wins iff s0 ˆxx0y ˆ s1 ˆxx1y ˆ ¨ ¨ ¨ P A. ˝

Lemma 1.2.5 (Davis). Let A Ď C. Then in the game G˚2pAq:

(i) Player I has a winning strategy iff A has a perfect subset;;
(ii) Player II has a winning strategy iff A is countable.
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Proof. piq : Assume σ is a winning strategy for player I. We claim that

P :“ tσ ˚ y | y P Cu

is a perfect subset of A. It’s a subset of A since σ is winning. Let x P  P . Then
there is some n ă ω such that x æn ‰ pσ ˚ yq æn for every y P C. But then
Nx æn X P is an open neighborhood around x, so  P is open, making P closed.

Lastly let σ ˚ y P P and Ns Ď C an open basis neighborhood around σ ˚ y. If
lenpsq is even then let player II play any other move than in σ˚y and play arbitrarily
following σ, resulting in σ ˚ y1 P P X Ns. If lenpsq is odd then lenps ˆxσpsqyq is
even, so repeat the previous argument. Hence P is perfect in A.

Assume conversely that P Ď A is a perfect subset. Defining

T :“ tx æn | x P P ^ n ă ωu,

we can form a strategy σ for player I as follows. Set σpxyq to be s P T such that
both s ˆx0y P T and s ˆx1y P T , which can be done since P has no isolated points.
In general in response to a partial play p, set σppq to be s P T such that both
s ˆx0y P T and s ˆx1y P T . This strategy is easily seen to be winning for player I.

piiq : Assume τ is a winning strategy for player II. Arguing like in Lemma 1.2.2, for a
partial play of the form p :“ xs0, x0, . . . , x2n´1y set p˚ :“ s0 ˆxx0y ˆ ¨ ¨ ¨ ˆxx2n´1y

and define

Dp :“ tx P C | p˚ Ď xÑ pDt P ăω2qpp˚ ˆ t ˆ τpp ˆxtyq Ď xqu.

As previously, we have that A Ď
Ť

p Dp. We’ll show that  Dp contains exactly
one element, making A countable. We have that x P  Dp iff p˚ Ď x and p@t P
ăω2qpp˚ ˆ t ˆ τpp ˆxtyq Ę xq, so say lenpp˚q “ m and we have some x P C such
that x æm “ p˚. Now set i :“ τpp ˆxHyq P 2. Then we necessarily have that
xpmq “ 1 ´ i since otherwise p˚ ˆH ˆ τpp ˆxHyq Ď x. Likewise, recursively we
must have that

xpeq :“ 1´ τpp ˆxxpmq, . . . , xpe´ 1qyq
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for e ą m. Hence  Dp has exactly one element x, making A countable.
Now on the other hand assume that A is countable; write A :“ tai | i ă ωu.

Player II can now just diagonalize A, playing his i’th move to make sure that that
the partial play differs from ai. This strategy is clearly winning for player II. �

We have a canonical way of going back and forth between N and C:

Definition 1.2.6. For n, k ă ω define the functions bkn : n` 1 Ñ 2 as

b2kn piq :“

#

1 , i ă n

0 , i “ n
b2k`1
n piq :“

#

0 , i ă n

1 , i “ n

Then define the function Ψ : N Ñ C as Ψpxq :“ b0xp0q ˆ b1xp1q ˆ b2xp2q ˆ . . . ˝

For instance, if x “ x1, 2, 3, . . .y then

Ψpxq “ b01 ˆ b12 ˆ b23 ˆ . . . “ x1, 0, 0, 0, 1, 1, 1, 1, 0, . . .y,

which we also suggestively could write as 110021130 ¨ ¨ ¨ .

Proposition 1.2.7. Ψ : N Ñ C is a homeomorphism onto C0, where C0 Ď C is
the elements that are not eventually constant.

Proof. Just as in the example above, notice that every x P C0 can be written as

x “ 1α000α111α20 ¨ ¨ ¨ “ b0α0
ˆ b1α1

ˆ b2α2
ˆ ¨ ¨ ¨

for αi ă ω. Define Φ : C0 Ñ N given by Φpb0α0
ˆ b1α1

¨ ¨ ¨ q :“ xα0, α1, . . .y. Then
Φ is clearly an inverse to Ψ. It remains to show that both Ψ and Φ are continuous.
But we have that

Ψ´1pNb0α0 ˆ b
1
α1
ˆ¨¨¨ ˆ bnαn X C0q “ Nxα0,α1,...,αny

Φ´1pNxα0,α1,...,αnyq “ Nb0α0 ˆ b
1
α1
ˆ¨¨¨ ˆ bnαn X C0,

so both are continuous, and Ψ is thus a homeomorphism. �
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Proposition 1.2.8. For A Ď N , G˚2pΨ”Aq is determined iff A has the perfect set
property.

Proof. By Lemma 1.2.5, we only have to show that A Ď N is countable iff
Ψ”A Ď C is countable, and A Ď N is perfect iff Ψ”A Ď C is perfect. But this is
clear by the previous Proposition 1.2.7. �

Lastly we deal with Lebesgue measurability. The game turns out to be more com-
plicated, even though the idea is very simple.

Definition 1.2.9. For ε ą 0 and A Ď N , define the covering game as the game
GpA, εq given by

I x0 x1 x2 ¨ ¨ ¨

II y0 y1 y2 ¨ ¨ ¨

where xi P 2 and yi P ω. Letting tsi | i ă ωu “ ăωω be an enumeration of
ăωω, set Ui :“ Nssip0q

Y ¨ ¨ ¨ Y Nssiplenpsiq´1q
. We require of player I that pxiq is

not eventually constant and of player II that λpUyiq ă ε{22pi`1q – if either player
cannot satisfy this, he loses. If this doesn’t happen then player I wins iff Ψ´1pxq P

A´
Ť

năω Uyn . I.e. player II tries to cover A with
Ť

năω Uyn . ˝

Lemma 1.2.10. Let A Ď N and ε ą 0. Then in the covering game GpA, εq:

(i) If player I has a winning strategy then there’s a Lebesgue measurableB Ď A

with positive Lebesgue measure;
(ii) If player II has a winning strategy then there’s an open set O Ě A such that

λpOq ă ε.

Proof. piq : Let σ be a winning strategy for player I. Define

B :“ tΨ´1ppσ ˚ yqIq | y P N u.

Since σ is winning, Ψ´1ppσ ˚ yqIq P A for every y P N , so B Ď A. Define the
function f : N Ñ N as fpyq :“ Ψ´1ppσ˚yqIq. We claim that f is continuous. It’s
enough to check that fn : N Ñ 2 given by fnpyq :“ pσ ˚yqIpnq “ σppσ ˚yq æ 2nq
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is continuous for every n ă ω. And indeed, we have that

f´1
n ptkuq “ ty P N | pσ ˚ yqIpnq “ ku

“
ď

tNs | s P
ăωω^ lenpsq “ 2n^ xs follows σy^ σpsq “ ku

is open, so fn is continuous, making f continuous as well. This means that B
is a continuous image of the Baire space, making it analytic and hence Lebesgue
measurable by Theorem A.5.4.

It remains to show that B has positive Lebesgue measure. Assume B is λ-null.
By Lemma A.5.2, there exists an open O Ě B such that λpOq ă ε{4 “ ε{22p0`1q.
Since O “

š

iăωNsi by Proposition A.1.7, cut the Nsi ’s into smaller basic opens
to wind up with a countable collection of basic opens pNsj qjăω such that O “
š

jăωNsj and λpNsj q ă ε{22pj`1q for every j ă ω. Then the y P N coding
pNsj qjăω is a winning strategy for player II,  . Hence λpBq ą 0.

piiq : Let τ be a winning strategy for player II. For any s P ăω2 ´ txyu, say with
lenpsq “ n`1, set dpsq P X to be player II’s response to the partial play consistent
with τ where player I’s moves are sp0q, . . . , spnq. Since τ is winning then given
any x P A there exists some n ă ω such that x P UdpΨpxq æn`1q. Thus, defining

O :“
ď

tUdpsq | s P
ăωω´txyuu,

we see that A Ď O. The rules of game require that λpUdpsqq ă ε{22pn`1q for
lenpsq “ n` 1, so since there are 2n`1 such s’s, we have that

λpOq ă
ÿ

năω

ε

22pn`1q
¨ 2n`1 “

ÿ

năω

ε

2n`1
“ ε.

�

Definition 1.2.11. Let A,B Ď N . Then B is a minimal cover for A if A Ď B,
B is Lebesgue measurable and if Z Ď B ´ A is a Lebesgue measurable set then
λpZq “ 0. ˝

Notice that any A Ď N has a minimal Gδ cover by Lemma A.5.2.
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Proposition 1.2.12. Let A Ď N and let B Ď N be a minimal Gδ cover for A. If
GpB ´A, εq is determined for every ε ą 0 then A is Lebesgue measurable.

Proof. Assume GpB´A, εq is determined for every ε ą 0. By Lemma 1.2.10, it’s
impossible for player I to have a winning strategy as B is a minimal cover for A.
Hence by the same Lemma there exist open sets Oε Ě B ´A with λpOεq ă ε for
every ε ą 0. Defining

C :“
č

năω

O1{n,

we see that B ´A Ď C and λpCq “ 0. Hence A4B is a λ-null set, so since B is
Gδ and in particular Borel, A is Lebesgue measurable. �

1.3 Axiom of determinacy

Mycielski and Steinhaus proposed the following axiom in [MS62].

Definition 1.3.1. The Axiom of Determinacy, AD, is the statement that GωpAq
is determined for every A Ď N , i.e. that every perfect information game of reals is
determined. ˝

Theorem 1.3.2 (ZF). AD implies that every subset of the reals is Lebesgue mea-
surable and has both the Baire property and the perfect set property.

Proof. This follows by Propositions 1.2.3, 1.2.8 and 1.2.12 if we can show that
the three corresponding games are equivalent to a game of the form GωpBq. We
start off with the Banach-Mazur gameG˚˚ω pAq, where each player playes sequences
si P

ăωω´txyu and player I won iff s0 ˆ s1 ˆ ¨ ¨ ¨ P A. By fixing an enumeration
tsi | i ă ωu of ăωω´txyu, the players can just play xi ă ω instead and setting
B :“ tx P N | sxp0q ˆ sxp1q ˆ ¨ ¨ ¨ P Au, G˚˚ω pAq is equivalent to GωpBq.

Now for the Davis game G˚2pAq, where player I played si P
ăω2, player II

played xi P 2 and player I won iff s0 ˆxx0y ˆ s1 ˆxx1y ˆ ¨ ¨ ¨ P A. By fixing an
enumeration tsi | i ă ωu of ăω2, player I and II can play xi ă ω and yi ă ω,
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respectively, and setting

B :“ tx P N | sx0 ˆxΨpx1qy ˆ sx2 ˆxΨpx3qy ˆ ¨ ¨ ¨ P Au,

we see that G˚2pAq is equivalent to GωpBq. Hence we also have that G˚2pΨ”Aq is
equivalent to GωpΨ”Bq.

Lastly, for the covering game GpA, εq we can just make player I play xi P ω
instead and say that player II wins iff x P A´

Ť

năωNyn . �

We see that AD implies a lot of nice properties about the real numbers, but these
properties turns out to be a bit too nice: AD contradicts the axiom of choice.

Corollary 1.3.3. AC implies that AD is false.

Proof. As AC allows us to construct a set not having the Baire property by Propo-
sition A.3.5, we have that ZF$ACÑ  AD. �

Hence we can see AD as removing the “non-regular” sets of reals. AD and AC

are not completely inconsistent however; we’re allowed to accept countable choice
over the reals ACωpN q, stating that every countable set of non-empty sets of reals
has a choice function.

Proposition 1.3.4 (ZF). AD implies ACωpN q.

Proof. Let tXn | n ă ωu Ď PpN q ´ tHu. Define

A :“ tx P N | xII R Xxp0qu.

Clearly player I cannot have a winning strategy in GωpAq, so AD implies that
we have a winning strategy τ for player II. Define now f : ω Ñ N given by
fpnq :“ pxn, 0, 0, . . .y ˚ τqII . It’s easy to check that f is a choice function. �
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2 | Borel determinacy

Now that we’ve seen several positive consequences of the determinacy of games,
the natural question is then whether or not we can actually find a large class of
determined games.

2.1 Determinacy of open and closed games
Definition 2.1.1. A quasistrategy Σ inGXpT q is a nonempty set of strategies. For
y P ωX we define Σ ˚ y as the set of legal plays of the form

I σ0pxyq σ1pxσ0pxyq, y0yq ¨ ¨ ¨

II y0 y1 ¨ ¨ ¨

where σi P Σ for every i ă ω. A quasistrategy Σ in GXpT,Aq is said to be
winning for player I if

Ť

yPωX Σ˚y Ď A. Winning quasistrategies for player II are
defined analogously. ˝

Say that a position xx0, . . . , x2n´1y P T in GXpT,Aq is not losing for player
I if player II has no winning strategy from that point on. Define the canonical
quasistrategy for player I as

Σ :“ tσ | xσ is a strategy for player Iy^ @s P T : xσpsq is not losingyu,

and analogously for player II.

Lemma 2.1.2.
(i) If GXpT,Aq is a closed game in which player II has no winning strategy,

then the canonical quasistrategy for player I in GXpT,Aq is a winning
quasistrategy;

(ii) If GXpT,Aq is an open game in which player I has no winning strategy,
then the canonical quasistrategy for player II in GXpT,Aq is a winning
quasistrategy.
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Proof. piq: Let Σ be the canonical quasistrategy for player I in GXpT,Aq. We
will show that (a) Σ ‰ H and (b) that every strategy σ P Σ is winning.

To show (a), note first that xy P T is not losing for player I by assumption.
Assume now that player I is not losing at p :“ xx0, . . . , x2n´1y P T . Then there
exists some x2n P X such that for every x2n`1 P X , p ˆxx2n, x2n`1y is not losing
for player I.

Indeed, assuming it wasn’t the case we would have that no matter what player
I played, player II would have a play such that player II would have a winning
strategy at that point. But this means exactly that player II had a winning strategy
at p, so p would be losing for player I,  . Hence the strategy just described is an
element of Σ, so (a) is shown.

Now, to show (b), let σ P Σ and y P ωX . By definition of Σ, pσ ˚ yq æ 2k is
not losing for player I, for every k ă ω. Assume for a contradiction that σ ˚ y R A.
Then since A is closed,  A is open, so there is some open neighborhood NqXrT s

in rT s around σ ˚ y such that lenpqq is even and Nq X rT s X A “ H. But since
q “ pσ ˚ yq æ 2k for some k ă ω, we have that q is both losing and not losing for
player I,  . Hence σ ˚ y P A and σ is winning. Hence (b) is shown.

The argument for piiq is completely analogous. �

Theorem 2.1.3 (Gale-Stewart). Every open or closed game is determined.

Proof. If player II has no winning strategy in the closed game GXpT,Aq, the
canonical quasistrategy Σ for player I in GXpT,Aq is winning by Lemma 2.1.2,
so any σ P Σ is a winning strategy for player I in GXpT,Aq. The argument is
analogous for open games, by swapping player I and player II, using Lemma 2.1.2
again. �

2.2 Borel determinacy

Now we’ll work towards Martin’s subliminal result stating that every Borel game is
determined. To make things easier we’ll introduce the notion of a covering.
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Definition 2.2.1. A covering f : GX̃pT̃ q Ñ GXpT q is a pair pπf , ϕf q such that

(i) πf : T̃ Ñ T is monotone and length-preserving, so that we have a continuous
extension π̃f : rT̃ s Ñ rT s;

(ii) ϕf maps partial strategies σ æn to partial strategies ϕf pσ ænq satisfying that
if m ď n then ϕf pσ æmq “ ϕf pσ ænq æm, which gives rise to an extension
ϕ̃f defined on all strategies in GX̃pT̃ q, given by ϕ̃f pσq æn “ ϕf pσ ænq;

(iii) If x P T is played according to a strategy ϕ̃f pσq then there’s an x̃ P T̃ played
according to σ so that π̃f px̃q “ x.

˝

Note that we can compose coverings f : GXpTXq Ñ GY pTY q and g : GY pTY q Ñ

GZpTZq simply by defining g˝f :“ pπg˝πf , ϕg˝ϕf q. It’s clear that the composition
is still a covering.

Definition 2.2.2. A covering f : GX̃pT̃ q Ñ GXpT q unravels A Ď rT s if π̃´1
f pAq

is clopen in rT̃ s. A game GXpT,Aq is unraveled if there exists a covering f :

GX̃pT̃ q Ñ GXpT q unraveling A. ˝

Unraveling coverings grants us with a sufficient condition for a game to be deter-
mined, which is also considerably easier to work with.

Proposition 2.2.3. Every unraveled game GXpT,Aq is determined.

Proof. Let f : GX̃pT̃ q Ñ GXpT q be a covering unraveling A. First of all
GX̃pT̃ , π̃

´1
f pAqq is determined by the Gale-Stewart Theorem 2.1.3, so we have to

show that if σ is a winning strategy in GX̃pT̃ , π̃
´1
f pAqq then ϕ̃f pσq is a winning

strategy in GXpT,Aq.

Let x be a play in GXpT,Aq according to ϕ̃f pσq. Since f is a covering, there is
some x̃ P T̃ played according to σ such that π̃f px̃q “ x. Then x̃ P π̃´1

f pAq as σ is
winning, so x “ π̃f px̃q P A. Hence ϕ̃f pσq is winning andGXpAq is determined. �

We’ll define a stronger notion of a k-covering, which we’ll need in the proof of
Borel determinacy to carry out an inductive argument.



14 of 42 Dan Saattrup Nielsen

Definition 2.2.4. A covering f : GX̃pT̃ q Ñ GXpT q is a k-covering if T̃ æ 2k “

T æ 2k and πf æpT̃ æ 2kq “ id æpT æ 2kq. A gameGXpT,Aq is k-unraveled if there
exists a k-covering f : GX̃pT̃ q Ñ GXpT q unraveling A. ˝

Now we’ll begin with the actual argument. The substantial bit of the argument will
be the following lemma, stating that we can k-unravel closed games.

Lemma 2.2.5. Every closed game GXpT,Aq is k-unraveled for every k ă ω.

Proof. Fix a closed GXpT,Aq and k ă ω. For a tree S, set Su :“ tv | u ˆ v P Su
and for Y Ď rSs, set Yu :“ tx | u ˆx P Y u. Define

TA :“ ts P T | Da P A : s Ď au.

We’re going to define a k-covering GX̃pT̃ q of GXpT q by modifying a few of the
rules of the game. Since it’s going to be a k-covering, we’re forced to say that
T̃ æ 2k “ T æ 2k. However, at the 2k’th turn player I plays a pair px2k,ΣIq:

I x0 ¨ ¨ ¨ x2k´2 px2k,ΣIq

II x1 ¨ ¨ ¨ x2k´1

where x2k P X and ΣI is a quasistrategy for player I in the game GXpTxx0,...,x2kyq,
where we without loss of generality assume that in the gameGXpTxx0,...,x2kyq player
II starts. Now player II can play moves of two different kinds:

I x0 ¨ ¨ ¨ px2k,ΣIq x2k`2

II x1 ¨ ¨ ¨ px2k`1, uq x2k`3

The first choice is to play px2k`1, uq, where x2k`1 P X and u P Txx0,...,x2k`1y

is a sequence of even length following ΣI such that u R pTAqxx0,...,x2k`1y
. Further-

more we require that future moves by either player are consistent with u, i.e. that
u Ď xx2k`2, x2k`3, . . .y. In other words, player II follows player I’s quasistrategy,
but ensures that the play will land outside A.

I x0 ¨ ¨ ¨ px2k,ΣIq x2k`2

II x1 ¨ ¨ ¨ px2k`1,ΣIIq x2k`3
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The second choice is to play px2k`1,ΣIIq, where x2k`1 P X and ΣII Ď ΣI

is a quasistrategy for player II in the game GXpT q with tx ˚ ΣII | x P
ωXu Ď A

and τpxyq “ x2k`1 for every τ P ΣII . Furthermore we require that future moves
by either player are consistent with ΣII . In other words, player II follows player I’s
quasistrategy and ensures that the play will land in A.

Now say that T̃ is the tree of all the legal moves in the game just described,
and since it’s clear that every player has a valid move at every step of the game, T̃
is pruned. We define πf : T̃ Ñ T as

πf pxx0, . . . , x2k´1, px2k,ΣIq, px2k`1, ˝q, x2k`2, . . . , xlyq :“ xx0, . . . , xly,

where ˝ is either of the form u or ΣII as described above. Notice that

x̃ P π̃´1
f pAqô x̃p2k ` 1q is of the form px2k`1,ΣIIq,

so π̃´1
f pAq and  π̃´1

f pAq are clearly open, making π̃´1
f pAq clopen. Hence it only

remains to define ϕf and make sure that it’s compatible with πf . This turns out to
involve a lot of book-keeping, so buckle up.

Let σ̃ be a strategy in GX̃pT̃ q. We’ll describe the strategy σ :“ ϕ̃f pσ̃q in-
formally, and it’ll follow by construction that for every play x in GXpT q played
according to ϕ̃f pσ̃q there’s a play x̃ in GX̃pT̃ q such that π̃f px̃q “ x. We split into
the cases where σ̃ is a strategy for player I and player II, respectively.

Case 1: σ̃ is a strategy for player I.

First of all σ follows σ̃ for the first 2k moves. Then σ̃ provides player I with
px2k,ΣIq; set σ’s move to be x2k . Now player II plays some x2k`1 in GXpT q. To
determine what σ should respond to this move, we’ll split into two subcases.

The first subcase is if player I has a winning strategy in the game

GXpT
pIq
xx0,...,x2k`1y

, Axx0,...,x2k`1y
q, p:q

where T pIq
xx0,...,x2k`1y

Ď Txx0,...,x2k`1y
is the subtree consisting of all the moves con-

sistent with ΣI . In this subcase, we set σ to follow this winning strategy. Then
after finitely many moves we arrive at a minimal position u of even length satisfying
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u R pTAqxx0,...,x2k`1y
, say u “ xx2k`2, . . . , x2l´1y. Then

xx0, . . . , x2k´1, px2k,ΣIq, px2k`1, uq, x2k`2, . . . , x2l´1y

is a legal position in GX̃pT̃ q. From here σ stops following the winning strategy and
instead follows σ̃ again.

The second subcase is if player II has a winning strategy in the game p:q. Let
ΣII be the canonical quasistrategy for player II in p:q (this is where we use that
Axx0,...,x2k`1y

is closed by assumption). Then just set σ to follow σ̃’s moves under
the assumption that player II played px2k,ΣIIq in GX̃pT̃ q.

This requires player II’s cooperation however, since we have to make sure that
player II’s moves are legal moves in GX̃pT̃ q, i.e. that they are consistent with ΣII .
If player II deviates from ΣII then by definition of ΣII player I has a winning strat-
egy in p:q, so we can define σ as in the first subcase.

Case 2: σ̃ is a strategy for player II.

Just as before, σ follows σ̃ for the first 2k moves. Then player I plays some x2k

in GXpT q. Again we want to split into the subcases corresponding to player II’s
choice between moves of the form px2k`1, uq and px2k`1,ΣIIq in GX̃pT̃ q, but we
have to choose what ΣI is this time around.

Define U Ď Txx0,...,x2ky as s P U iff s “ xx2k`1y ˆu such that x2k`1 P X , u
has even length and there is a quasistrategy ΣI for player I inGXpTxx0,...,x2kyq such
that σ̃ requires player II to play px2k`1, uq when player I plays px2k,ΣIq. Define

U :“ tx P rTxx0,...,x2kys | Ds P U : s Ď xu,

which is easily seen to be an open set in rTxx0,...,x2kys. Now we’ll use U to decide
for us what player I should play. Define the game GXpTxx0,...,x2ky, Uq in which
player II plays first and player II wins iff xx2k`1, x2k`2, . . .y P U .

The first subcase is if player II has a winning strategy in this game. Then σ
follows this winning strategy for player II in GXpT q until xx2k`1, . . . , x2l´1y P U .
Then set u :“ xx2k`2, . . . , x2l´1y and let ΣI witness the fact that the sequence is
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in U . Now from here on σ can just follow σ̃ from

xx0, . . . , x2k´1, px2k,ΣIq, px2k`1, uq, x2k`2, . . . , x2l´1y.

The second subcase is if player I has a winning strategy in this game. Since
U was open, this game is a closed game for player I, so let ΣI be the canonical
strategy for player I. Then if player I plays px2k,ΣIq in GX̃pT̃ q, player II cannot
play anything of the form px2k`1, uq since then px2k`1q ˆu P U is consistent with
ΣI , contradicting the definition of ΣI .

This means that if player I plays px2k,ΣIq in GX̃pT̃ q, player II must respond
with a move of the form px2k`1,ΣIIq. Let σ play this x2k`1 and then just follow
σ̃ from

xx0, . . . , x2k´1, px2k,ΣIq, px2k`1,ΣIIqy.

Just as before though, this requires player I’s cooperation. If player II plays
some x2l not consistent with ΣII then since ΣII is a quasistrategy for player II and
ΣII Ď ΣI , x2l is inconsistent with ΣI as well, so we’re back in the first subcase
again. �

Before we move on to the proof of the theorem we need the following technical
lemma, which is the reason why we need to work with k-coverings instead of
regular coverings.

Lemma 2.2.6 (Existence of inverse limits). Let k ă ω and fi`1 : GXi`1pTi`1q Ñ

GXipTiq a pk ` iq-covering for every i ă ω. Then there’s a game GXpT q and
pk` iq-coverings Fi : GXpT q Ñ GXipTiq for every i ă ω such that fi`1 ˝Fi`1 “

Fi.

Proof. We need to define X , T and πFi , ϕFi for every i ă ω. Set X :“
Ť

iăωXi

and

T :“
ď

iăω

Ti æ 2pk ` iq.
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This is a pruned tree since Tj æ 2pk ` iq “ Ti æ 2pk ` iq for every j ě i, so
the trees in the union “agree” in their intersections. Furthermore it’s clear that
T æ 2pk ` iq “ Ti æ 2pk ` iq holds for every i ă ω.

Now for πFi , set πFipsq :“ s if lenpsq ď 2pk ` iq and if lenpsq ą 2pk ` iq

pick some j ă ω such that lenpsq ď 2pk ` jq and set

πFipsq :“ πfi`1
˝ πfi`2

˝ ¨ ¨ ¨ ˝ πfj psq.

The choice of j doesn’t matter, since πfj psq “ s for every j such that lenpsq ď

2pk`jq. Lastly we defineϕFi . Let σ be a strategy inGXpT q and defineϕFipσq æ 2pk`

iq :“ σ æ 2pk ` iq and for j ą i set

ϕFipσq æ 2pk ` jq :“ ϕfi`1
˝ ¨ ¨ ¨ ˝ ϕfj pσ æ 2pk ` jqq.

Note that this a well-defined partial strategy as Tj æ 2pk ` jq “ T æ 2pk ` jq.
As the Fi’s clearly satisfy conditions (i) and (ii) in the definition of a covering and
fi`1 ˝ Fi`1 “ Fi holds by construction, we only need to check condition (iii), i.e.
that πFi and ϕFi are compatible with each other.

Fix some i ă ω, let σ be a strategy in GXpT q and let xi P rTis be a play
according to ϕ̃Fipσq. Since fi`j`1 : GXi`j`1pTi`j`1q Ñ GXi`j pTi`jq is a pk `
i ` jq-covering by assumption for all j ă ω, pick xi`j`1 P rTi`j`1s compatible
with ϕFi`j`1pσq such that π̃i`jpxi`j`1q “ xi`j – this is possible since ϕFi`j “
ϕfi`j`1

˝ ϕFi`j`1 .

Now the sequence pxi`j`1qjăω converges to some x P T given by x æ 2pk `

i ` jq “ xi`j æ 2pk ` i ` jq since πfi`j`1
is the identity on sequences of length

ď 2pk ` i ` jq. Since ϕFi`j pσq æ 2pk ` i ` jq “ σ æ 2pk ` i ` jq and xi`j`1 is
compatible with ϕFi`j`1pσq, x æ 2pk` i` jq is compatible with σ for every j ă ω,
meaning x is compatible with σ as well. Finally, we clearly have πFipxq “ xi. �

The game GXpT q in the above lemma is called the inverse limit of the games
GXnpTnq and is denoted by lim

ÐÝn
GXnpTnq. We now have completed our prepa-

ration and we’ll move on to proving Martin’s theorem.
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Theorem 2.2.7 (Martin). Any Borel game GXpAq is determined.

Proof. By definition of the Borel hierachy and by Proposition 2.2.3, it suffices to
show that all Σ0

ξ games GXpT,Aq are unraveled for any 1 ď ξ ă ω1. We will
show something slightly stronger, which is that they are not only unraveled, but
k-unraveled for any k ă ω.

Since closed games are k-unraveled for any k ă ω by Lemma 2.2.5 and as
GXpT, Aq is unraveled iff GXpT,Aq is, Σ0

1 games are k-unraveled.
Assume now that Σ0

η games and thus also Π0
η games are k-unraveled for every

η ă ξ. Let k ă ω and a Σ0
ξ gameGXpT,Aq be given. By definition,A “

Ť

năω An

for An P
Ť

ηăξΠ
0
η . Let f0 : GX1pT1q Ñ GX0pT q be a k-covering unraveling A0

where X0 :“ X , and recursively let

fi : GXi`1pTi`1q Ñ GXipTiq

be a pk` iq-covering unraveling π̃´1
fi´1

˝ ¨ ¨ ¨ ˝ π̃´1
f1
pAiq, which exists as Π0

η is closed
under continuous preimages for η ă ξ.

Now let GX̃pT̃ q :“ lim
ÐÝn

GXnpTnq be the inverse limit as given by Lemma
2.2.6, with corresponding coverings Fi. Then F0 : GX̃pT̃ q Ñ GXpT0q is a k-
covering unraveling A0 as π̃´1

F0
pA0q “ π̃´1

F1
˝ π̃´1

f1
pA0q, π̃´1

f1
pA0q is clopen by

assumption and π̃F0 is continuous. By a similar argument F0 unravels every Ai.
Hence π̃´1

F0
pAq “

Ť

n π̃
´1
F0
pAnq is open, so let F̃ : GY pTY q Ñ GX̃pT̃ q be a

k-covering unraveling π̃´1
F0
pAq given by Lemma 2.2.5. But then

F0 ˝ F̃ : GY pTY q Ñ GXpT q

is a k-covering unraveling A and we’re done. �
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3 | Analytic determinacy

We now move on to the natural next step: to prove determinacy of analytic games.
However, as we’ll show, this turns out to be unprovable in ZFC, so we’ll prove it
in the presence of a large cardinal, called a Ramsey cardinal.

3.1 Ramsey cardinals
Ramsey cardinals are cardinals defined in a combinatorial context, generalising a
classical theorem of Ramsey. It will be defined in terms of a partition property,
which is defined as follows.

Definition 3.1.1. The statement β Ñ pαqγδ means that every function (also called
a colouring) c : rβsγ Ñ δ has a homogeneous set H P rβsα, meaning that
|c”rHsγ | ď 1. Furthermore β Ñ pαqăωδ means that given c : rβsăω Ñ δ, there’s a
set H P rβsα which is homogeneous for every c ærβsn. ˝

Note that if H is a homogeneous set for c : rκsăω Ñ δ, we might have that
c”rκsn ‰ c”rκsm for m ‰ n.

Definition 3.1.2. A cardinal κ is Ramsey if κÑ pκqăω2 . ˝

The reason why the cardinals are called Ramsey is due to Ramsey’s Theorem,
stating that ω Ñ pωqnk holds for all n, k ă ω. Note that this doesn’t imply that ω is
Ramsey, however.

Proposition 3.1.3. κ is Ramsey iff κÑ pκqăωδ for every δ ă κ.

Proof. “ ð ” is clear. Assume thus that κ Ñ pκqăω2 and c : rκsăω Ñ δ a
colouring with δ ă κ. Define c̃ : rκsăω Ñ 2 by

c̃pξ1, . . . , ξnq :“

#

0 , pDm ă ωqpn “ 2m^ cpξ1, . . . , ξmq “ cpξm`1, . . . , ξnqq

1 , otherwise
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Let H P rκsκ be a homogeneous set for c̃. Let n “ 2m ă ω be given. We
must have that there are s, t P rHsm satisfying both that maxpsq ă minptq and
cpsq “ cptq, as otherwise δ ě κ. But then c̃ps Y tq “ 0, meaning c̃”rHsn “ t0u
for even numbers n ă ω by homogeneity.

Now take s, t P rHsm for any m ă ω. Then sY t P rHs2m, so c̃psY tq “ 0,
meaning cpsq “ cptq, whence we may conclude that H is homogeneous for c as
well. �

Proposition 3.1.4. A cardinal κ is Ramsey iff for every δ ă κ and every countable
collection of colourings ci : rκsmi Ñ δ with mi ă ω there’s a set H P rκsκ such
that |ci”rHsmi | ď 1 for every i ă ω.

Proof. “ ð ”: Let c : rκsăω Ñ δ and choose H P rκsκ for the set tc ærκsn | n ă
ωu.
“ ñ ”: Let X :“ tci : rκsmi Ñ δu be given. Note that given a colouring
c : rκsm Ñ δ and n ě m we can always extend c to c̃ : rκsn Ñ δ such
that a homogeneous set for c̃ is also a homogeneous set for c. Indeed, just set
c̃ptα1, . . . , αnuq :“ cptα1, . . . , αmuq.

Now we can just recursively extend the ci’s such that their domains are disjoint,
so that we get an induced colouring c : rκsăω Ñ δ which then has a homogeneous
set as κ is Ramsey. But then every ci has a homogeneous set as well by the previous
statement. �

3.2 Kleene-Brouwer ordering
Our argument is going to make crucial use of a well-ordering property implied by
the existence of a Ramsey cardinal. The well-ordering property will concern an
ordering called the Kleene-Brouwer ordering, which we’ll introduce here.

Definition 3.2.1. The Kleene-Brouwer ordering on ăω On is given by

săKB tô s Ě t_ spιq ă tpιq,

where ι :“ minti ă ω | spiq ‰ tpiqu. ˝
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One can (informally) think of the ordering as săKB t iff s ˆx8,8, . . .y is lexico-
graphically less than t ˆx8,8, . . .y, where 8 is formally greater than all the ordi-
nals.

Lemma 3.2.2. Let α P On and T a tree on α. Then T is well-founded iff T is
well-ordered by ăKB.

Proof. We’ll prove that T is ill-founded iff pT,ăKBq is ill-founded.

“ ñ ”: Let tsi P T | i ă ωu satisfy si`1ăKB si for every i ă ω. For i ă ω

set ni :“ mintsjpiq | j ă ωu. Note that ni is non-empty for every i ă ω as
otherwise tsi P T | i ă ωu Ď ănα for some n ă ω, and pănα,ăKBq is clearly a
well-ordering, which contradicts how we defined the si’s. Now we have an infinite
branch x P rT s defined as xpiq :“ ni, which means that T is ill-founded.

” ð ”: Let x P rT s be an infinite branch. Then x æn` 1ăKB x æn for every
n ă ω, so pT,ăKBq is ill-founded. �

3.3 Analytic determinacy

Definition 3.3.1. Analytic determinacy is the statement that every analytic game
GωpAq over N is determined. ˝

Lemma 3.3.2. LetA Ď N be analytic. Then there is a tree on ωˆω such that x R A
iff pTx,ăKBq embeds into pω1,ăq, where ăKB is the Kleene-Brouwer ordering on
ăω On and Tx is the section tree on ω:

Tx :“ tp P ăωω | px æ lenppq, pq P T u.

Proof. Since analytic sets are projections of closed sets, there’s a closed set C Ď
N ˆN such that A “ π1pCq, where π1 : N ˆN Ñ N is the projection onto the
first coordinate. But then there’s a tree T Ď ăωpω ˆ ωq such that rT s “ C . By
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now we then have that

x R Aô@y P C : π1pyq ‰ x

ôTx is well-founded

ôpTx,ăKBq is well-ordered (Lemma 3.2.2)

ôpTx,ăKBq embeds into pω1,ăq,

so we’re done. �

Now for the main result of this section, that it’s relatively consistent to assume that
analytic determinacy is true:

Theorem 3.3.3 (Martin). If there exists a Ramsey cardinal then analytic determi-
nacy holds.

Proof. Let tsi | i ă ωu be the enumeration of ăωω. Let A Ď N be analytic and
let T be given by Lemma 3.3.2, meaning that

x R AôpTx,ăKBq embeds into pω1,ăq. p1q

Let κ be a Ramsey cardinal, GωpAq be given and define the game G‹ as

I x0 x2 x4 ¨ ¨ ¨

II px1, η0q px3, η1q px5, η2q ¨ ¨ ¨

where xi P ω and ηi P κ. Player II wins this game iff
(i) p@si R Txqpηi “ 0q and
(ii) p@si, sj P TxqpsiăKB sjô ηi ă ηjq.

By (1), this means that if player II wins in G‹ he also wins in GωpAq, since the win
inG‹ grants him with an embedding f : pTx,ăKBq Ñ pκ,ăq given by fpsiq :“ ηi,
which induces an embedding pTx,ăKBq Ñ pω1,ăq as Tx is countable.

Note that since G‹ is an open game for player I since the payoff set defined by
the negation of (i) and (ii) above are open criteria. Hence G‹ is determined by the
Gale-Stewart Theorem 2.1.3.
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All that remains to show is therefore that if player I has a winning strategy σ‹

in G‹ then player I also has a winning strategy in GωpAq. For any s P 2nω define
the set

Ds :“ tsi P
ăωω | i ă n^ ps æ lenpsiq, siq P T u

and note that s Ď t ñ Ds Ď Dt. Furthermore we see that Tx “
Ť

tDs | s Ď xu.
Let now p P 2nω be given and set m :“ |Dp|. Then for any Q P rκsm there’s a
unique function nÑ κ defined by i ÞÑ ξp,Qi satisfying

• p@si R Dpqpξ
p,Q
i “ 0q;

• p@si P Dpqpξ
p,Q
i P Qq;

• p@si, sj P DpqpsiăKB sjô ξp,Qi ă ξp,Qj q.

Existence and uniqueness of such a function is clear, making us able to define a
colouring cp : rκsm Ñ ω for every p “ xp0, . . . , p2n´1y P

2nω as

cppQq :“ σ‹pxp0, pp1, ξ
p,Q
0 q, p2, pp3, ξ

p,Q
1 q, . . . , p2n´2, pp2n´1, ξ

p,Q
n´1qyq.

Now use that κ is Ramsey and Proposition 3.1.4 to find a homogeneous set H Ď κ

with |H| “ ℵ1 for the countably many cp with lenppq even – i.e. satisfying that
|cp”rHs

n| “ 1 for p P 2nω. Then define a strategy σ for player I in GωpAq as

σppq :“ cppQq,

for any, hence all, Q P rHsn, where p P 2nω.

To see that σ is winning, assume towards a contradiction that it’s not, meaning
that there’s a play x P N such that x R A even though x followed σ. By (1) this
means that we have an embedding η̃ : pTx,ăKBq Ñ pω1,ăq and since |H| “ ℵ1

we also have an embedding

η : pTx,ăKBq Ñ pH,ăq,
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which can be extended to entire ăωω by setting ηptq :“ 0 for t R Tx. Setting
Ť

năω
2nω “ tui | i ă ωu be an enumeration, we see that

I x0 x2 x4 ¨ ¨ ¨

II px1, ηpu0qq px3, ηpu1qq px5, ηpu2qq ¨ ¨ ¨

is a play in G‹ consistent with σ‹ as every ηpuiq P H , so x P A,  . Hence σ is
winning and GωpAq is determined. �

Note that we’ve only shown that analytic determinacy is relatively consistent with
the existence of a Ramsey cardinal, so Ramsey is an “upper bound” for consistency. It
turns out that the exact consistency strength of analytic determinacy is the existence
of x7 for every real x – see [Kan09, Theorem 31.2 & 31.5].
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4 | Blackwell determinacy

We now turn to a class of completely different games, namely games involving
“chance”. These games can be thought of as generalisations of rock-paper-scissors
(without draws), where two players take turns simultaneously.

This means that strategies aren’t as straightforward as with the perfect informa-
tion games, since the active player doesn’t know what the other player will play in
the active round. To model this scenario we’ll introduce a new notion of strategies,
based on probability.

4.1 Blackwell games

Say that a tree T Ď ωX on any set X is finitely branching if there are only finitely
many legal moves at each position, i.e. that given any p P T there is a finite subset
Xp Ď X such that p ˆxxy P T iff x P Xp.

Let X,Y be sets and T Ď ωpX ˆ Y q a pruned non-empty finitely branching
tree T Ď ωpX ˆ Y q. Then we can define a Blackwell game ΓX,Y pT q between
two players I and II, who simultaneously play elements of X and Y , respectively:

I x0 x1 x2 ¨ ¨ ¨

II y0 y1 y2 ¨ ¨ ¨

For a partial play p P T , write Xp Ď X and Yp Ď Y for the finite sets of
legal moves at p for player I and II, respectively. A partial play in a Blackwell
game is then a finite sequence of ordered pairs xpx0, y0q, . . . , pxn, ynqy, and we
require that all partial plays lie in T , the tree of legal moves. This results in a play
xpxi, yiqy P

ωpX ˆ Y q.

A strategy for player I in ΓX,Y pT q is a function σ : T Ñ r0, 1sX which
satisfies that

ř

xPXp
σppxq “ 1 and σppxq “ 0 for every x R Xp, i.e. a function

which assigns to each position a probability distribution on the legal moves at that
position. Strategies for player II are defined analogously. Thus instead of having a
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definite choice of what player I should do, a strategy merely tells player I what the
odds are.

Two strategies σ and τ for players I and II, respectively, give rise to a Borel
probability measure µσ,τ on rT s, defined as follows. We start by defining µσ,τ pNsq

for s P T by recursion on lenpsq. For lenpsq “ 0 set µσ,τ pNsq “ 1 and if s is a
one-point extension of p then set

µσ,τ pNsq :“ σpπ1psplenpsq ´ 1qqq ¨ τpπ2psplenpsq ´ 1qqq ¨ µσ,τ pNpq,

where π1 : X ˆ Y Ñ X and π2 : X ˆ Y Ñ Y are the projections. Then since
every open set in rT s is a countable disjoint union of basic opens by Proposition
A.1.7, we set µσ,τ p

š

si
Nsiq :“

ř

si
µσ,τ pNsiq. Finally, extend to all Borel sets by

setting µσ,τ p Aq :“ 1´ µσ,τ pAq and µσ,τ p
š

iăω Aiq :“
ř

iăω µσ,τ pAiq.

To be able to determine whether or not a strategy is winning, we define a payoff
function f : rT s Ñ B where B Ď R is some bounded subset of the reals. Denote
the associated game by Γ :“ ΓX,Y pT, fq. If f turns out to be µσ,τ -measurable then
define the expectation

Eσ,τ pfq :“

ż

fdµσ,τ ,

which indicates what the net outcome of the game for player I will be. Thus player
I tries to maximize Eσ,τ pfq and player II tries to minimize it. To be able to deal
with non-measurable payoff functions as well, we define

E´σ,τ pΓq :“ suptEσ,τ pgq | g is Borel measurable^ g ď fu

E`σ,τ pΓq :“ inftEσ,τ pgq | g is Borel measurable^ g ě fu,

which is then best approximations of the outcome for player II and I, respectively.
Note that E´σ,τ pΓq “ Eσ,τ pΓq “ E`σ,τ pΓq if f is µσ,τ -measurable. Now, for strate-
gies σ and τ in Γ for player I and II respectively, define

valσpΓq :“ inftE´σ,τ pΓq | τ is a strategy for player IIu

valτ pΓq :“ suptE`σ,τ pΓq | σ is a strategy for player Iu,
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where valσ represents what the best player II can do if player I follows σ, and valτ

represents the best player I can do if player II follows τ . Thus the value of a strategy
is what the worst outcome is when following the strategy. Finally we set

valÓpΓq :“ suptvalσpΓq | σ is a strategy for player Iu

valÒpΓq :“ inftvalτ pΓq | τ is a strategy for player IIu.

These values then represent what the best consistent outcome is for the two players.
If it is the case that valÓpΓq “ valÒpΓq then we say that the game Γ is determined.
If this is the case, we define the value of the game Γ to be

valpΓq :“ valÓpΓq “ valÒpΓq.

4.2 Blackwell determinacy

Our goal in this section is to show that determinacy of certain perfect information
games implies the determinacy of all Blackwell games. Thus let us throughout the
section fix a Blackwell game Γ :“ ΓX,Y pT, fq.

Since we’re only interested in whether or not the game is determined, we have
no interest in the scale of the value and we can thus without loss of generality
that ran f Ď r0, 1s. The crucial theorem that we’re going to use extensively is
the famous Minimax Theorem by von Neumann, assessing that one-step Blackwell
games are determined:

Theorem 4.2.1 (von Neumann’s Minimax Theorem). Any Blackwell one-step game
Γ is determined in a strong sense: there is a strategy σ for one of the players such
that valpΓq “ valσpΓq.

Proof. See [vN28]. �

For brewity, set ET ppq to be the set of one-point extensions of p P T ; i.e. the set
of q P T such that q “ p ˆxpx, yqy for some x P Xp and y P Yp.
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The perfect information games that we’re going to work with will be indexed
by v P p0, 1s and denoted Gv . The game Gv is played as follows:

I h0 h1 h2 ¨ ¨ ¨

II p1 p2 p3 ¨ ¨ ¨

Here pi P T and hi : ET ppiq Ñ r0, 1s X Q. The rules are as follows. First of all,
lenppiq “ i and pi Ď pi`1 for all i ă ω, where we set p0 :“ xy. For i ă ω define
the one-step Blackwell game ∆i where both players simultaneously play elements
x P Xpi , y P Ypi :

I x

II y

Hence the hi’s can be seen as payoff functions for the ∆i games via a suitable
coding. Now, letting v0 :“ v and vi`1 :“ hippi`1q for i ă ω, we require of pi`1

that vi`1 ą 0 and of hi that valp∆iphiqq ě vi.

Now define π : T̃ Ñ T as taking each partial play s P T̃ in Gv to the union
of all the moves made by player II in arriving at s; hence πpsq “ H if lenpsq ď 1

and otherwise πpsq is the last move made by player II. Define the extension π̃ :

rT̃ s Ñ rT s as π̃pxq :“
Ť

iăω πpx æ iq. Now define the payoff set A Ď N as the set
containing all the encoded x P rT̃ s satisfying that

lim sup
iăω

vi ď fpπpxqq.

This finishes the definition of the game GvpAq.

Proposition 4.2.2. GvpAq is equivalent to a perfect information game GωpÃq for
every v P p0, 1s.

Proof. First of all, it’s clear that all the hi’s and pi’s can be encoded as natural num-
bers since T is finitely branching – note here that it’s important that the codomains
of the hi’s are countable. We thus just need to argue that the tree T̃ Ď N of legal
moves is pruned.
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Player I can always just play hi :” 1, which trivially satisfies the requirements
for hi. We show that player II always has a possible legal move by induction on
i ă ω. Firstly valp∆0ph0qq ě v ą 0 requires that h0 is not identically zero. Let
thus p1 be such that h0pp1q

def
“ v1 ą 0. Now assuming that hi`1 has been given,

repeat the procedure to get some vi`1 ą 0. �

Now assume σ̃ is a winning strategy for player I in Gv . We’ll simultaneously define

(i) A strategy σ for player I in Γ;
(ii) The notion of an acceptable position in Γ;
(iii) A monotone function ψ : accpT q Ñ T̃ , where accpT q is the set of acceptable

positions in T , such that lenpψppqq “ 2 lenppq ` 1, ψppq is consistent with
σ̃ and πpψppqq “ p.

This will then result in a function ψ̃ : raccpT qs Ñ rT̃ s given by ψ̃pxq :“
Ť

pĎx ψppq

satisfying that ψ̃pxq is consistent with σ̃ and πpψpxqq “ x.

First of all, we define every extension of an unacceptable position to be unacceptable,
and given any unacceptable position p we define σp : X Ñ r0, 1s arbitrarily.
Furthermore xy P accpT q and we set ψpxyq “ xh0y, where h0 “ σ̃pxyq.

Now assume that p P accpT q is of length i ą 0 and we’ve defined ψppq “
xh0, . . . , pi, hiy which is both consistent with σ̃ and satisfies πpψppqq “ p. Then
we define q P ET ppq to be acceptable iff hipqq ą 0.

Because valp∆iphiqq ě vi, we know by von Neumann’s Theorem 4.2.1 that
there exists a strategy for player I in ∆i whose value in ∆iphiq is ě vi; set σp :

X Ñ r0, 1s to be the probability distribution given by that strategy. Given any
q P ET ppq set ψpqq :“ ψppq ˆxq, hi`1y with hi`1 given by σ̃. This finishes the
definition of (i)-(iii).

Now, to define a payoff function g, define first hpi for acceptable p P T and
0 ď i ď lenppq to be the moves made by player I in reaching the position ψppq P T̃ .
Set vp0 :“ v and vpi`1 :“ hpi pp æ i`1q for i ă lenppq. Then define g : rT s Ñ r0, 1s

as

gpxq :“

#

lim supi v
x æ i
i , x P raccpT qs

0 , x R raccpT qs
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Proposition 4.2.3. g is Borel measurable.

Proof. It suffices to show that the functions αi : raccpT qs Ñ r0, 1s given by
αipxq :“ vx æ ii are Borel measurable for every i ă ω, since lim sup of a sequence
of Borel measurable functions is Borel measurable. α0 is constant, so clearly Borel
measurable. Let a, b P r0, 1s with a ă b. Then

x P α´1
i`1ppa, bqqôhx æ i`1

i px æ i` 1q P pa, bq

ôx æ i` 1 P phx æ i`1
i q´1ppa, bqq,

so α´1
i`1ppa, bqq “

Ť

tNx æ i`1 | x æ i`1 P phx æ i`1
i q´1ppa, bqqu, which is open and

thus Borel. �

Lemma 4.2.4. Given any strategy τ for player II in Γ, Eσ,τ pΓpgqq ě v.

Proof. Let τ be a strategy for player II in Γ and write µ :“ µσ,τ . Assume for a
contradiction that

Eσ,τ pgq
def
“

ż

g dµ ă v. p1q

Let ε ą 0 be given such that
ş

g dµ ă v´ε, which means that
ş

1´g dµ ą 1´v`ε.
Now by Lusin’s Theorem A.5.5, there’s a closed set C Ď rT s such that g æC is
continuous and

ş

C 1´ g dµ ą 1´ v ` ε.

Claim 4.2.4.1. There exists a play x P raccpT qs such that, for all i ă ω,
ż

CXNx æ i

1´ g dµ ą p1´ vx æ ii ` εqµpNx æ iq. p2q

Proof of claim. We define x by recursion on i ă ω. For i “ 0, (2) says that
ş

C 1´ g dµ ą 1´ v ` ε, which was the defining property of C . Assume now
that x æ i is acceptable such that (2) holds, and assume towards a contradiction



32 of 42 Dan Saattrup Nielsen

that
ż

CXNq

1´ g dµ ď p1´ hx æ ii pqq ` εqµpNqq p3q

holds for every q P ET px æ iq. Note that (3) holds for all unacceptable q P
ET px æ iq as well, since then hx æ ii pqq “ 0 by definition of being unacceptable
and thus

ż

CXNq

1´ g dµ ď

ż

Nq

1 dµ “ µpNqq ă p1` εqµpNqq.

Hence we have that
ż

CXNx æ i

1´ g dµ “
ÿ

q

ż

CXNq

1´ g dµ

ď
ÿ

q

p1´ hx æ ii pqq ` εqµpNqq

“ µpNx æ iqp1` εq ´
ÿ

q

hx æ ii pqqµpNqq

“ µpNx æ iqp1` ε´ Eσ,τ ph
x æ i
i qq

ď p1´ vx æ ii ` εqµpNx æ iq, p4q

where the last inequality holds because we chose σ such that valσph
x æ i
i q ě vx æ ii

in the game ∆x æ i
i (which is completely analogous to the game ∆i), meaning that

Eσ,τ ph
x æ i
i q ě vx æ ii holds for every strategy τ for player II.

But now we see that (4) contradicts our induction hypothesis that x æ i sat-
isfies (2), so we conclude that there is a q P ET px æ iq such that (3) fails, i.e.
that

ż

CXNq

1´ g dµ ą p1´ hx æ ii pqq ` εqµpNqq

holds. Thus since we showed that hx æ ii pqq ě vx æ ii , (2) holds for i` 1 and the
claim is proven. ♦



Chapter 4. Blackwell determinacy 33 of 42

Now observe that for any i ă ω there’s a yi P C XNx æ i such that

gpyiq ă vx æ ii ´ ε p5q

holds. Indeed, assuming that (5) fails for every yi P C XNx æ i, we would have that
ż

CXNx æ i

1´ g dµ ď p1´ vx æ ii ` εqµpNx æ iq,

contradicting the above claim.
As limi yi “ x, we have that x P C as C is closed, and thus gpxq “ limi gpyiq

by continuity of g æC . Use continuity to pick j ă ω such that |gpxq´ gpyiq| ă ε{2

for every i ě j. This means that gpxq ă gpyiq ` ε{2 ă vx æ ii ´ ε{2, so

gpxq ď lim sup
i

vx æ ii ´ ε{2 “ gpxq ´ ε{2,

a contradiction. This means that (1) is false, so the lemma is proven. �

Lemma 4.2.5. valσpΓpfqq ě v.

Proof. By the above lemma we see that valσpΓpgqq ě v. But since σ̃ was winning,
we have that

gpxq “ lim sup
iăω

vx æ ii ď fpπpψpxqqq “ fpxq

for every x P raccpT qs, by definition of the vx æ ii ’s and the rules of the game Gv .
Hence valσpΓpfqq ě valσpΓpgqq ě v. �

Dropping the assumption on σ̃, we’ve shown the following.

Lemma 4.2.6. If player I has a winning strategy in Gv then valÓpΓpfqq ě v. �

We now shift the attention to player II. Assume thus that τ̃ is a winning strategy for
player II in Gv . Repeating the procedure as before, we’ll simultaneously define

(i) A strategy τ for player II in Γ;
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(ii) The notion of an acceptable position in Γ;
(iii) For each acceptable position p, a function up : ET ppq Ñ r0, 1s;
(iv) A monotone function ψ : accpT q Ñ T̃ such that lenpψppqq “ 2 lenppq, ψppq

is consistent with τ̃ and πpψppqq “ p.

Just as before, this will result in a function ψ̃ : raccpT qs Ñ rT̃ s given by ψ̃pxq :“
Ť

pĎx ψppq such that ψ̃pxq is consistent with τ̃ and πpψpxqq “ x.

Every extension of an unacceptable position is unacceptable, and given any unac-
ceptable position p we define τp : X Ñ r0, 1s arbitrarily. Furthermore xy P accpT q
and we set ψpxyq :“ xy.

Now suppose that p P accpT q is of length i ą 0 and we’ve defined ψppq “
xh0, . . . , piy which is consistent with τ̃ and satisfies πpψppqq “ p (i.e. that pi “ p

by definition of π). Then q P ET ppq is to be acceptable iff there is a legal move
h P T̃ for player I at ψppq such that τ̃pψppq ˆxhyq “ q. As for the definition of up,
set uppqq :“ 0 for q R accpT q and

uppqq :“ infthpqq | xh is legal in Gv at ψppqy^ τ̃pψppq ˆxhyq “ qu

for q P accpT q.

Lemma 4.2.7. valp∆ipupqq ď vi.

Proof. Assume for a contradiction that valp∆ipupqq ą vi and let ε ą 0 be such
that valp∆ipupqq ě vi ` ε. Define a function h : T Ñ r0, 1s by

hpqq :“

#

uppqq ´ ε , uppqq ą ε

0 , uppqq ď ε

Then h is a legal move for player I at the position ψppq. Now set q̄ :“ τ̃pψppq ˆxhyq.
If uppq̄q ď ε then hpq̄q “ 0, meaning q is not a legal move,  . Hence uppq̄q ą
ε, but then hpq̄q ă uppq̄q and uppq̄q was the least such,  . We conclude that
valp∆ipupqq ď vi. �
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The claim, along with von Neumann’s Theorem 4.2.1, then gives us a strategy for
player II in ∆i whose value in ∆ipupq is ď vi; set τp : X Ñ r0, 1s to be the
probability distribution given by that strategy.

Lastly we define ψ. Fix some δ ą 0. Let q P ET ppq be acceptable and hi a legal
move for player I at ψppq so that hipqq ď uppqq ` δ{2

i`1 and τ̃pψppq ˆxhiyq “ q.
Then set ψpqq :“ ψppq ˆxhi, qy. This finishes the definition of (i)-(iv).

Again we’d like to define a payoff function g, so analogously we define hpi for
p P accpT q and 0 ď i ă lenppq as the moves made by player I in reaching the
position ψppq. Let vp0 :“ v and vpi`1 :“ hpi pp æ i` 1q for i ă lenppq. Then define

gpxq :“

#

lim supi v
x æ i
i , x P raccpT qs

1 , x R raccpT qs.

Just as before, we note that g is Borel measurable.

Lemma 4.2.8. For any strategy σ for player I in Γ, Eσ,τ pΓpgqq ď v ` δ.

Proof. Let σ be a strategy for player I in Γ and set µ :“ µσ,τ . Assume for a
contradiction that

Eσ,τ pΓpgqq
def
“

ż

g dµ ą v ` δ p1q

and let ε ą 0 be given such that
ş

g dµ ą v ` δ ` ε. Let C Ď rT s be a closed set
such that g æC is continuous and

ş

C g dµ ą v ` δ ` ε, given by Lusin’s Theorem
A.5.5.

Claim 4.2.8.1. There exists a play x P raccpT qs such that, for all i ă ω,
ż

CXNx æ i

g dµ ą pvx æ ii ` δ{2i ` εqµpNx æ iq. p2q

Proof of claim. As x æ 0 :“ xy, (2) says that
ş

C g dµ ą v ` δ ` ε, which was
the defining property of C . Now assume that x æ i has been defined such that
x æ i is acceptable and (2) holds. Assume for a contradiction that

ż

CXNq

g dµ ď phqi pqq ` δ{2
i`1 ` εqµpNqq p3q
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for every q P ET px æ iq. But then
ż

CXNx æ i

g dµ “
ÿ

q

ż

CXNq

g dµ

ď
ÿ

qPaccpT q
phqi pqq ` δ{2

i`1 ` εqµpNqq `
ÿ

qRaccpT q
µpC XNqq

ď
ÿ

q

pux æ ipqq ` δ{2
i`1 ` δ{2i`1 ` εqµpNqq

“ µpNx æ iqpδ{2
i ` εq `

ÿ

q

ux æ ipqqµpNqq

“ µpNx æ iqpδ{2
i ` ε` Eσ,τ pux æ iqq

ď pvx æ ii ` δ{2i ` εqµpNx æ iq, p4q

where the second inequality is because hqi pqq ď ux æ ipqq ` δ{2i`1 for ac-
ceptable q by definition of hqi , and ux æ ipqq “ 1 for q unacceptable. The
last inequality is due to the fact that τ was chosen such that in ∆x æ i

i pux æ iq,
valτ pux æ iq ď vx æ ii , meaning that for any strategy σ for player I in ∆x æ i

i we
have that Eσ,τ pux æ iq ď vx æ ii . But we see that (4) contradicts (3), so the claim is
shown. ♦

Now we note that given any i ă ω there’s a yi P C XNx æ i such that

gpyiq ą vx æ ii ` δ{2i ` ε. p5q

Indeed, assume that p5q fails for every y P C X Nx æ i. Then
ş

CXNx æ i
g dµ ď

pvx æ ii ` δ{2i ` εqµpNx æ iq, contradicting (2).

As x “ limi yi, x P C as C is closed, so gpxq “ limi gpyiq by continuity of
g æC . Let j ă ω be such that |gpxq ´ gpyiq| ă ε{2 for every i ě j. Hence for
every i ě j we also have

gpxq ą gpyiq ´ ε{2 ą vx æ ii ` δ{2i ` ε{2,

concluding that gpxq ě lim supi v
x æ i
i ` ε{2 “ gpxq` ε{2,  . Hence (1) is false, so

the lemma is proven. �
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Lemma 4.2.9. valτ pΓpfqq ď v ` δ.

Proof. By the above lemma, valτ pΓpgqq ď v ` δ. Since τ̃ was winning, we get
that

gpxq “ lim sup
iăω

vx æ ii ą fpπpψpxqqq “ fpxq

for every x P raccpT qs, by definition of the vx æ ii ’s and the rules of the game Gv .
Hence valτ pΓpfqq ď valτ pΓpgqq ď v ` δ. �

Dropping the assumption on τ̃ , we’ve shown the following.

Lemma 4.2.10. If player II has a winning strategy in Gv then valÒpΓpfqq ď v. �

All the previous lemmas culminate in the following theorem.

Theorem 4.2.11. IfGv is determined for every v P p0, 1s, then Γpfq is determined.

Proof. Assume that all the Gv are determined and set w P p0, 1s to be the supre-
mum of the v’s such that player I has a winning strategy in Gv . By Lemma 4.2.6,
valÓpΓpfqq ě w. By Lemma 4.2.10, valÒpΓpfqq ď w. Hence valpΓpfqq “ w. �

Definition 4.2.12. The Axiom of Blackwell Determinacy, Bl-AD, is the state-
ment that every Blackwell game ΓX,Y pT, fq is determined. ˝

Theorem 4.2.13. ZF$ADÑ Bl-AD.

Proof. By Proposition 4.2.2, all the Gv ’s are equivalent to a game of the form
GωpT̃ q, which are determined by AD. Hence by Theorem 4.2.11, all Blackwell
games are determined. �
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A | Preliminaries

A.1 Polish spaces and trees
Definition A.1.1. A Polish space is a completely metrizable separable space. ˝

Proposition A.1.2. For any discrete spaceX , ωX is Polish with the product topol-
ogy. �

Thus in particular the Baire space N :“ ωω and the Cantor space C :“ ω2 are
both Polish.

Definition A.1.3. Let X be a set. Then a tree on X is a subset T Ď ăωX which
is closed under intial segments – i.e. that for any t P T and s P ăωX it holds that
s Ď tñ s P T . ˝

Definition A.1.4. A tree T is pruned if any branch can be extended, i.e. that for
s P T there exists t P T such that s Ď t. ˝

Definition A.1.5. The body of a tree T on X , denoted rT s, is the set of infinite
branches of T , i.e. rT s :“ tx P ωX | @n ă ω : x æn P T u. ˝

We give ωX the product topology, so that the basic open sets become sets of the
form Ns :“ tx P ωX | s Ď xu for s P ăωX . Given any tree T on X , we endow it
with the corresponding subspace topology.

Proposition A.1.6. Let X be a set and T a pruned tree on X . Then rT s is closed,
and any closed set C Ď ωX arises in this way; that is, there’s a pruned tree T on
X such that C “ rT s. �

Proposition A.1.7 (ZF). Suppose that s, t P ăωX . Then
(i) Ns XNt is either H, Ns or Nt;
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(ii) Ns ´Nt is a disjoint union of basic open sets;
(iii) Ns is clopen;
(iv) Every open set U Ď ωX is a disjoint union of basic open sets.

Proof. See [Kan09, Exercise 0.8] �

A.2 Borel and analytic sets

Definition A.2.1. Let X be a topological space. Then the Borel sets of X , denoted
BpXq, is the smallest σ-algebra containing all the open sets in X . ˝

We can also characterize the Borel sets more constructively. For X a topological
space, define Σ0

1pXq to be the set of open sets in X and then recursively define
Π0
ξ :“  Σ0

ξ YΣ0
ξ and Σ0

ξ`1 :“ t
Ť

iăω Ai | Ai P
Ť

ηăξ`1 Π
0
ηu.

Proposition A.2.2. For any topological spaceX we have thatBpXq “
Ť

ξăω1
Σ0
ξ “

Ť

ξăω1
Π0
ξ . �

Definition A.2.3. Let X be a Polish space. Then A Ď X is analytic if it is the
continuous image of a Polish space. ˝

Proposition A.2.4. For X a Polish space, A Ď X is analytic iff there exists a
closed subset C Ď X ˆN such that π1pCq “ A, where π1 : X ˆN Ñ X is the
first projection.

Proof. See [Kec95, Exercise 14.3] �

Theorem A.2.5 (Lusin-Souslin). Let X be a Polish space. Then any Borel set B Ď
X is analytic.

Proof. See [Kec95, Theorem 13.7]. �
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A.3 Baire property

Definition A.3.1. Let X be a topological space. Then a subset A Ď X is nowhere
dense if X ´ A is dense. A is meager if it’s a countable union of nowhere dense
sets. A is comeager if it’s the complement of a meager set. ˝

Definition A.3.2. Two subspaces A,B Ď X are equal modulo meager sets,
written A “˚ B, if A4B is meager, where A4B :“ A ´ B Y B ´ A is the
diagonal intersection. ˝

Definition A.3.3. For X any topological space, a subset A Ď X has the Baire
property if there exists an open set U Ď R such that A “˚ U . ˝

TheoremA.3.4 (Baire Category Theorem). LetX be a completely metrizable space.
Then any comeager subset A Ď X is dense.

Proof. See [Kec95, Theorem 8.4]. �

Proposition A.3.5 (AC). There exists a subset A Ď R not having the Baire prop-
erty.

Proof. See [Kec95, Example 8.24]. �

A.4 Perfect set property

Definition A.4.1. Let X be a topological space. Then A Ď X is perfect if it has
no isolated points, i.e. no a P A such that tau Ď X is open. ˝

Definition A.4.2. Let X be a Polish space. Then A Ď X has the perfect set
property iff X is either countable or contains a perfect set. ˝

Theorem A.4.3. Let X be a Polish space. Then every analytic subset A Ď X has
the perfect set property.
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Proof. See [Kec95, Exercise 14.13]. �

A.5 Lebesgue measurability
Definition A.5.1. A set A Ď N is Lebesgue measurable if there is a Borel set
B Ď N such that A4B is a Lebesgue null-set. ˝

We denote the Lebesgue measure as λ, both for the Borel measure and the measure
on all Lebesgue measurable sets.

Lemma A.5.2. Let A Ď N be a Lebesgue measurable set. Then
(i) For any ε ą 0 there is a closed set C Ď N and an open set U Ď N such

that C Ď A Ď U and λpU ´ Cq ă ε;
(ii) There is an Fσ set X and a Gδ set Y such that X Ď A Ď Y and λpXq “

λpAq “ λpY q.

Proof. See [Kan09, Lemma 0.9] �

Definition A.5.3. A measurable space pX,Aq is a standard Borel space if there’s
a Polish topology T on X such that BpT q “ A. ˝

Theorem A.5.4 (Lusin). Let X be a standard Borel space. Then every analytic
subset A Ď X is Lebesgue measurable.

Proof. See [Kec95, Theorem 29.7]. �

Theorem A.5.5 (Lusin). Let X be a metrizable space and µ a finite Borel measure
on X . Let Y be a second countable topological space and f : X Ñ Y a µ-
measurable function. For every ε ą 0 there is a closed set C Ď X with µpX ´

Cq ă ε such that f æC is continuous.

Proof. See [Kec95, Theorem 17.12]. �
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